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Order Selection for Extended Sine-Skewed Circular
Distributions
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Frontiers in Directional Statistics Theory, Methods, and Applications
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Abe and Pewsey (2011) 1T & D #2858 E N7z IESXBEEEEE o fmfid, FIJE L O IERTFR e iR o) fi
ThHb. ZOIEKEBEEEFHDMEIE, von Mises BHAREZAA I -V —HD L5 L {HLN
7= FAJE L D 0 R 7 5 FE B A TR A BEEL (Skewing function) 23S 2 Z & T, IENMRTERDI L
BOTWS., ZO0MKEE, ZATE— XY IDPBIRT D TE, BLBOEEIEZTHY, B
PODHIED BIEMEDOTERPABEG TH 275, W OrOMERIMNICEE LWIEE RS Z 2 2355
NTW3. ZAE—XY ME, T A= T 23T ZHAL2ICT 5 2 RPE—A VT
HEBEZENTER N TELLD, RSB RS, —/5T, EMEEEE S HkEE— R
DREATENIENEZ RO R A 2R T DICPRHIRA D 5. Miyata et al. (2024) TlE, K HhKER
FBAEREZ DD TELZRABMEREZREL, ZHUCEDWT, IRIR SN ELBERGEI k%
RBRELZ. ZOBABROWIRERD 2720121%, ;=X = MENDENA =T X=X —%E
D BZMEDD 5. RETIE, IWRS N EKEBEEE O MROMN, BLY, 2O —X—ZED
720DV OMDFEEEZ, ZONRT 53— A% Ial—Ya @ UTHRIEL .

* T370-0801 #EHIREIFT_EACAERT 1300
T F466-8673 ZHIR 4t R TTIEAIX L HHT 18
1 F194-0298 HLTHRHTHTHIEET 4342



2 IEREIIHEERETI
FIWDIC, T TRET ZEAEMEERT 2. 2 2T, BAKRE [—1,1] LR

r(2(m + 1))
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m(l —z5)" (-1<z <),

Im(z) =

x

REZ, ZONEERE Gole) :/ Gn(B)dt CEDEETH. 7L m > —1 A e

NRIRX=R—r L, ZZTEA—X— tﬁﬁw L2 5. B G, &, "= HOamERE
Gpe(z, @, ) = [7{T(a+ B)/T(@)(B)}t* (1~ )" 1dt (a > 0,8 > 0) tBL &, Gulz) =
Gpo(wm+1m+1) (m>—1) LEFTLATES LD, ROESBRTOT T BT, &
BEET 2L TES. ZOLE, A —X— m ORI N EZLEREED 1 (Exnended
sine-skewed circular distribution, ESS) OZEEEBEZ LI T O TERT 5:

00 (05 11,9, \) = 20(8 — 115 p) G (Asin(6 — 1)), (1)

7272U fo(0; p) \EHHFRAR—=REE L L, p € [-m,m) ZAEANT X =KX=\ € [-1,1] ZIEHp
RIRXR=R—=2F 5. RIRX=&— pl&, HOEFELRY, MEUANOIREHIET 287 X —
2—r325 XD IFA=0DLE, Gn(0)=1/2 242370, p L THHESHE 5.

EREREE (1) BEEDO m > -1 N L TERTE S22, FAOEY (TbB, m=0,1,2,---)
WIRAE L 7285813

Gon(2) = /_ i m()dt
:szm: ( )2e+1 D)

(=0
DEHWCEZHEAEZHNTRIANTE 5.
1Tk, BODOEHE p= 0.8 BFOBEIAA T — > — ik N—AEEIFOHED, K
(1) D77 7%RT. ZORDSDDRPE L5, BEPENRHNR-RFEELZEEEL7D1T1F, K
BRI =R —m ZIBIDEDD 5.
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MERBERE (1) 12BWT, A =0 DHE, FEO m I LT, G\n(0) = 1/2 72720, ik
SN ERBEBEEH O, A —&— m I L CHEINAAEETH B e bhr b, LirLl, EFE
& m BRSO HIETERSIDEDND B 720, ARETIE, LTD 3 2D HEERAT.

L BRHERET Fa—F: L(y) = (1/n) i, log £564(0:; 1 p, \) E HERELBIE (1)
RS BB T2 8 &, A —&—m & m = argmax,, c p b (Yn) I X DHEE S
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R=—ZAEE: =0, p=08 LiZD, &
XABA— =i A=K —m =0
GhA—X—m=1

KT A —&—m =50

INo 0, HEBBOERBIL [-m,7) TH D
», BEAEEEHL T 272012, [-1.5,1.5]
WCHEBZ GRS 2B T5 A T3,

BHBETHS. 72721, M= {fS(0; 1, p, N|m = ma, ..., ma} EER 72 5 HEREERER
Q) okEeds.

2. 5 DIEHRBEMRER BT 2 m 2N 2 2T, MTAERERYE (Takeuchi, 1976),
BIUORAOT 770 —FTh 2 WBEDLEREBEEZ 5.

3. ¥y F v 7 MFEOME EOIE#M (21, Unbach and Jammalamadaka, 2009)
WikbiE< 82 K57 m S,

n EOBHNE 0,,...,0, BEZ oSNz &, SNEELTEEZLITOETERINS:
log ¢(0) = log / Hfé's?s)(@i;u,p, A)p(ps ps N dpdpd,
=1

72720 plpy py N) 1385 A =& — (u, pT )T ICHT 2HATOMHE T 5. 2 O IE— N3RS
IR S TERWED, BV T HABED U IGHBEREMIC X DLtz S 5. K, MTNEHRE
FiYE (Takeuchi information criterion, TIC) 52 5. £34MDIZ, UTD 2 0DTH2 EFRT 5.

52
IO . O (m) (g .
I(v):= n ; Oy log frsg (053) oy log frsg (035y)
ZokxE, TIC I

TIC = =20y, (A1) + 2tr{J . (3n) " 1. (A1)},
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C DOREREERBIE, A =0 D TWWEHMBRMAERD, AN A0 DL ERXEBALSHE RS, &
FEREEL fo BE O g it LT, A UHERN % 5 2 5 /TR, Azzalini (1985) Ik 2 7k RLH
ZAHCHKD. ZOLE ZOTHDEADKE X 2R A HEHENLRREL LT, UMTO XS5 D0E
ZAb6N5:

fos(0) = fus(=0) = 2fo(O{G(w(9)) — G(w(=0))}
~ 4w(9) fo(0)G'(0)

= Arsinffy(f) ——L. (3)

ZO—FT, HEREERE (1) ITBWT, NR—2ABEREEALI - —DHOEERBE Lk
=D, BADOKE X2 MHENLZREX UToXTEZ 503,

) we057) = Fowa(—0:7) = 4w(8) fo(0) Gl (0)
I'(2(m+1))

— 4/\sin9f0(9)m7

(4)
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Topics in Complex-Valued Time Series Modeling:
Estimation and Applications

Takayuki Shiohama?®

®Department of Data Science, Nanzan University, 18 Yamazato-cho,
Showa, Nagoya, 466-8673, Aichi, Japan

Abstract

Complex-valued time series modeling is useful for fitting spiral sequences that
often occur in the natural and environmental sciences. To incorporate time-
dependent structures in the observed real and complex parts of the complex-
valued process, we apply a vector autoregressive model in the wide-sense
stationary framework. An extension of the complex-valued Yule-Walker esti-
mators is introduced, and its asymptotic properties are investigated. Testing
the null hypothesis of the underlying observed process is considered proper.

Keywords: Complex-valued time series, Yule-Walker estimators, wide-sense
stationary, hypothesis testing

1. Introduction

Statistical analysis of complex-valued time series is a concept within spec-
tral analysis and has a long tradition in time series analysis, as in (Hannan,
1970; Brockwell and Davis, 1998; Brillinger, 1981). In particular, complex-
valued representations naturally arise in applications involving oscillatory
and wave-like phenomena. Frequency-domain analysis of a time series pro-
vides an alternative to time-domain analysis, offering distinct advantages for
identifying unknown signal frequencies associated with complex numbers.
Such an approach enables a clearer characterization of periodic structures
and phase relationships in the data. Since the 1960s, theoretical develop-
ments in signal processing have advanced rapidly, leading to the emergence
of machine-learning methods. These developments have further expanded
the scope of frequency-domain techniques in modern data analysis.

The defining characteristic of a complex-valued process lies in its rota-
tional, or oscillatory, behavior in the complex plane. Such behavior makes

Preprint submitted to Elsevier February 18, 2026



complex-valued models particularly suitable for representing signals with
phase and amplitude components. A complex-valued process is typically
represented in terms of its real and imaginary parts, which are real-valued
random variables. If these two components have equal variances and are
uncorrelated, the process is said to be proper (or circular). In contrast, the
process is termed improper when the two components are correlated or have
unequal variances. This distinction plays a central role in statistical modeling
and inference for complex-valued data.

For autoregressive processes with complex-valued coefficients, Le Breton
(1988) studied maximum likelihood estimation in the proper case and dis-
cussed its extension to the improper case; see also Sykulski et al. (2016) for
further developments. For a comprehensive treatment of proper complex-
valued processes, we refer the reader to the book by Miller (1974).

The merits of modeling variables in polar coordinates, rather than em-
ploying a bivariate normal distribution on the Cartesian plane, lie in the
ability to explicitly capture angular and radial dependence, particularly for
center-biased, circular, or rotational data. Such a representation is especially
advantageous when the underlying phenomenon exhibits periodicity or direc-
tional symmetry. By separating distance and direction, this framework facili-
tates more flexible modeling of nonlinear structures and asymmetric patterns.
The analysis of complex-valued processes has therefore attracted increasing
attention across various fields of data science, where phase-amplitude inter-
actions play a fundamental role.

In the context of directional statistics, circular or cylindrical time series
models defined on specific geometric manifolds—such as the unit circle or the
cylinder—are closely related to complex-valued processes expressed in polar
coordinates. These models provide a natural probabilistic framework for
data constrained to non-Euclidean spaces. Various approaches to time series
modeling have been proposed in the field of directional statistics; see, for
example, Taniguchi et al. (2020), Shiohama (2023), Ogata and Shiohama
(2024), Abe et al. (2025), and Gatto (2022).

In this short note, we will consider the wide-sense stationary process
defined in the subsequent section, and the asymptotic properties of standard
Yule-Walker estimators are investigated.



2. Models and Assumptions

A complex-valued time series is a sequence of complex-valued random
variables Z;. For a stationary complex-valued process {Z;}cz, the auto-
covariance function at lag h € Z is defined by vz(h) = cov(Zi, Zi—p) =
E[Z,Z} ] for a zero mean sequence of {Z;},cz. Recall that the autocovari-
ance function is a conjugate symmetric such that vz(h) = v5(—h), where
75 (—h) denotes the complex conjugate of vz (—h). The autocorrelation func-
tion is defined by pz(h) = vz(h)/vz(0). The sample autocovariance function
at lag h > 0 is defined by

) 1 < .
Y2 (h) = — > %2,

t=h+1

For h < 0, it is defined as 4z(h) = 45(—h). The sample autocorrelation
function at lag h is defined by pz(h) = Yz(h)/42(0).

For the zero mean random variables X and Y with correlation coefficient
pxy, and let the complex-valued random variable Z be X = X +1iY. Then,
the variance becomes

Var(Z) = E|Z|* = E[(X +1Y)(X —iY)] = ok + 0y,

where 0% and 0% are the variance of X and Y, respectively. Since this
Var(Z) does not carry information about the correlation coefficient between
the pairs (X,Y’), we need another complex second-order moment as

Var(Z) = E(Z%) = E[(X +1Y)?| = 0% — 02 + 2ipxyoxoy,

which we call \//;LI"(Z ) as the complementary variance or pseudo-variance,
see (Neeser and Massey, 1993; Schreier and Scharf, 2010). If 0% = 0%
and pxy = 0, the complementary variance becomes zero. This is the so-
called proper or circular case; all others are called improper cases. For the
improper case, the complementary autocovariance function at lag h is de-
fined by Az(h) = E(Z;Z;_). In order to investigate the complementary
autocovariance structure of the process, we need an augmented process as
Z, = (Zy, Z})", which is defined by

Z,=X,+1Y,, X, Y,€R, teZ, E[Z]=0,

o _ 2] _[Xi+iv,
2Tz T X, — 1Y,



Then the augmented covariance matrix becomes

R0 = Bzl - |20 T

where 2! denotes complex conjugate of a vector or a matrix x. Because the
augmented covariance matrix depends only on lag h, the bivariate process is
called wide-sense stationary (WSS) or widely stationary.

Hereafter, we consider the complex-valued AR process as follows. The
following bivariate process {Z, };ez is called complex-valued process of order
p (CV-VAR(p)):

: -2 9]
Bmp Alive [Z;* 2 vt o |z) T la)
where {&; = u; + iv;} is a complex-valued white noize with Ele;] = Efu] +
iE[v;] =0, Elgef] = 02 + 02, and Elg;e] = 02 — 02 + 2ip,,0,0,. Hence, the
error term ¢; is, in general, an improper complex-valued white noise process.
Recall that p = 1, ¢y = 0, and &, is the proper process, the CV-VAR(1)
reduces wrapped Cauchy process considered by Shiohama (2023).

As with the case for the real-valued VAR(p) processes, CV-VAR(p) pro-

cess has the following Yule-Walker equations

e )= B

Jj=1

The corresponding matrix form expression becomes:
P
Ry(h) =)  A;R,(h~j)
j=1

The variance of the process Z, is given by

where R_ is



2 .
R, =F [ut] [ut vt] = [ Tu p“”(’;““} , and T, = [1 1} )

PuvOuTvy gy 1 —i

Using this expression, we can recursively obtain the theoretical augmented
auto-covariance and auto-correlation functions for the widely stationary pro-

cess {Z,}iez-

To obtain the asymptotic distribution of the estimators, we introduce
the following complex Gaussian distribution. Recall that, the complex aug-
mented vector g, is related to the real composite vector u;, = (uy, vt)T as

L m
g, =T, u <= u; = §Tu [

and the probability density function of a complex biivariate Gaussian distri-
bution is defined as

1

_ | .
J () = (27) det Ry, eXP { Qut R, ut} ’

where

R,!=TP"R'T, and detR,.=4detR.

3. Main Results and Some Related Tesing Problems

3.1. Yule-Walker Estimators

To define the well-known Yule-Walker estimators for the CV-VAR(p) pro-
cess, we introduce the following notations.

For the sequence of VAR coefficient matrices {A,}i—12. %, let Ay, =
[Al A, - AJJ and
Eﬁ(o) R, (1) R,(k—-1)
(Toe) EZ (1) EZ<O) EZ(k - 1)
Ro'k_l - M M :
Rj(k—1) Rj(k—-2) R,(0)
For the sequence of {R;(j)};j=1,2,..k, let
Em = [Ez(l) EZ(Z) Ez(k)]

10



Here we assume the following stable conditions on the CV-VAR(p) pro-
cess,

Assumption 1. The VAR representation of a CV-VAR(p) process is
stable, such that the roots of the characteristic polynomial

det(ly — Az — ... — A2P) =0

has no roots in and on the complex unit circle.

The matrix version of the Yule-Walker equation becomes
Toe
Al:pR((J:p—?l = El:p'
Then, we obtain
A - R R(Toe) -1
=l:p — ==lp 0:p—1
and the Yule-Walker estimator is defined by
~ W) s (T oe -1
Al:p = El:p (R(():pf)1>

where Bl:p and ﬁg?;"f)l are block matrices whose elements R(k)'s (k =
1,2,...,p) are replaced by

~ 1 -
Ry(k)=— > Z,Z{")
t=k+1

To derive the asymptotic distribution of the YW estimators, the following
notations are introduced.
Recall that the matrix of the parameters is of the form:

Ao [5G

As this matrix consists of the entries of the complex-valued parameters, we
need to arrange this as the real valued matrix:

_ _ [Re(¢1) Re(¢1) --- Re(dp) Re(ty)
Al:p_(Al Ap)_ lhn(¢l) Im(¢1) Im(gbp) Im(tbp)}

11



This arrangement can be done by introducing the following matrix T}, as de-
fined below. Let T}, be a block diagonal matrix defined by T), := diag(T, ..., T).
The matrix T), is unitary

T,T! =TT, =21,

p
and
T . 0 10 0 1
T,=|: - :| with T= 8 } _11 8
0 . T 10 0 —i
(4p)x (4p)

Then, we obtain the asymptotic distributions of the complex-valued YW
estimators.

Theorem 1. (Asymptotics of the CV-YW Estimators). Let the process {Z,}
be defined by the CV-VAR(p) processes that satisfy Assumptions A. Then,
we have as n — 0o

A\?:;W) ? Al:p
and
\/ﬁ(vec(A\Q;W)) — vec(Ay,p))
—/a(AT NO,T? (R") ' o R T
- n( D - A’D) —d ( £ p 0:p—1 ®—8 P)
where

H
p p
R =FEleef]=E (Zt -2 Ath—j> (Zt -2 Aﬁt—j)
j=1 J=1

Remark 1. If we consider the CV-VAR(1) model, the CV-YW estimators
becomes

4,=R,0) (R,0)

o b [ 5,00 [420) 5,0]°
=% 5l [%’;m &zm] [%"((n @*(0] |

12



and its asymptotic distribution becomes

Regz?l

(61) — Re(d1)
Tm(g1) — Im(¢1) w [B} (OR. RZ(0)R.
V| Re(n) — Re() | 74N (O’T {E;m)ﬂa E?(O)EJ T)
(i) — Im(¥)

The asymptotic distribution of the YW estimators enables us to test
the null hypothesis of circular time series. If the processes are circular, we
observe that ¢y = --- = ¢, = 0 which coinsides ¢7 = --- = ¢7 = 0.For
real-valued VAR(p) processes, these conditions are known as the test for the
null hypothesis of no Granger-causality. Consider the testing problem of the
null hypothesis that Hy : ¢y = - = ¢, = 47 = --- = 97 = 0 against the
alternative Hy :1p; # 0 and 95 # 0 for at least one j € {1,...p}.

Under the null hypothesis, the CV-VAR(p) coefficient matrix becomes

- _ [Re(é1) 0 --- Re(¢,) 0
Al:p (Al Ap)_ Im(gbl) 0 Im(¢p) 0

Let C be the (2p x 4p) matrix with the form

(0 0 1 0 000 0]
0001 0000
C=|: P Lo :
0000 -+~ 0010
0000 000 1

Using this notation, the null and alternative hypotheses become Hy : C A, =
0 and H, : C.A, # 0, respectively. We consider the Wald test statistics of
the form

= n(CA,)T[CT (RW ®R ) T,C"] " (CA,).

Theorem 2. (Asymptotic distribution of the Wald Statistics.) Let assump-
tion 1 hold. Then, Under the null hypothesis, we have

2
w —d X2p:

where Xgp denotes the chi-squared distribution with 2p degrees of freedom.

13



To test the independency of the residual terms, we apply the following
result.

Z i —q N(0, R)
—p+1

Under the null hypothesis of the circular residual processes, this leads to the
test statistics

1 « -0 Re(é?) o2 — o?
V=7 2 () =7 2 i) e (i) =)
\/ﬁ tz;lz-&-l utvy t;l t PuvOu Oy

Theorem 3. Let assumption 1 hold. Then, Under the null hypothesis of
circluar residual processes, we have

an(R )TV = X,

where x3 denotes the chi-squared distribution with 2 degrees of freedom.
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Distributions for directional data

Imoto Tomoaki
University of Shiozuoka

1 Circular distribution

An observation with periodicity, such as direction and clock time, is represented as a point on
the unit circle and is thus called a circular observation. Owing to the periodicity, the origin of
the circular observation can be set as an arbitrary point ¢, and then, observation will take the
value on B, := [¢, ¢+ 27) when the period is 27. Circular distributions are an essential tool for
analyzing phenomena related to circular observations. The probability density function (pdf)
f(-) of the circular distribution is characterized by nonnegativity on R, integration on B, to be
one, and 27-periodicity,

f(0) = f(0+2kn) for keZ.

Hereafter, we put ¢ = —= for convenience. Such distributions are used to analyze wind direction
at an observation point, the disease onset day of the year, the time of crime occurrence in a day,
and so on.

2 Simple Construction of Toroidal Distribution

One of the bivariate extensions of the circular distribution is the toroidal distribution, each of
whose random variables has a periodicity. Toroidal distributions have recently drawn much at-
tention for analyzing the dihedral angles of 3D protein structure, consecutive animal movements,
and wind directions at two observation points, and so on.

Imoto and Abe [2] propose the simple construction of toroidal distributions, and Abe et al.
[1] consider its generalization and provide more flexible distributions. The following is the more
generalized method. Let G(+) be the nonegative function which satisfies G(z) = 1-G(—z) for z €
R, and w(-) is the bivariate function which satisfies w(01,02) = —w(—61,02) = —w(01, —b62) =
w(by + 2km, 02 + 2i7) for 61,605 € R and k,l € Z. Put fi(-) and fo(-) are the circular pdfs which
are symmetric around 0. Then the function

fr(01,02) = 2G(w(01,02)) f1(61) f2(62), 61,02 € [—m,m) (1)

is the toroidal pdf whose marginal densities are f1(61) and fa(f2). The function (1) reduces to
that by Abe et al. [1] when w(61,62) = Asin 6 sin 6,, and reduces to that by Imoto and Abe [2]
when G(z) = (14 2)/2 for z € [-1,1].

Interestingly, when the trivariate distribution with pdf

f(elag%‘r) = 2§($ - w(017€2))f1(01)f2(02)3 bh,02 € [_ﬂ-v 77)7 T € (07 OO), (2)

is considered, the marginal pdf of the pair (6;,62) coresponds to (1). Using this property, we
can implement the EM algorithm with simple update functions for the maximum likelihood
estimation.
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3 Application to Hidden Markov Model

The hidden Markov model is a type of mixture model widely used for time series data. In
the model, each observation is assumed to be generated by one of K distributions that is
determined by the latent state k = 1,2, ... K, and the latent state follows a Markov process.
Fort=1,2,...,T, let z; = (241, 212, - - -, 21ic) be the latent variable whose components indicate
the state at time ¢, or z; = 1 and zy = 0 for [ # k if the state is k at time ¢. Assume that
the transition probability from state k to state [ is Ay and independent of time ¢, and the
observation 0; = (614, 0s;) is generated from the distribution with pdf

Tr(011,02¢) = 2G(w (014, 02¢)) f11(012) for (B2t),

correspoindg to the family (1) when the state is k. Then, if z; is obseved, the log-likelihood
function is represented as

T K T K
C=Tlog2+ > Y zuuG(wi(01r,02)) + YD zifir(bie) +Zzztkf2k (02¢)
=1 k=1 =1 k=1 t=1 k=1
K

T K K
D 3Nz akzulog Ajr + Y ziklog ax,

t=2 k=1 l=1 k=1

where ay, is the probability of zy; = 1.
Using the expression (2) and regarding z; as a latent variable at time ¢, more tractable
log-likelihhod function

T K T K T K
C=Tlog2+ > > zug(rs — w(w,01,02)) + > > zuefr(010) + DD 21 for(6r)

t=1 k=1 t=1 k=1 t=1 k=1
T K K K
+ Zzzztﬂkztl log Aji, + » zirlogay
t=2 k=1 I=1 k=1

is obtained. When ¢(-) is a member of the exponential family, this expression is useful to obtain
simple update functions in the EM algorithm.

The examples of the update functions and application to a real dataset are found in the
main talk in the workshop.
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The second order generalization of Hajek-Le Cam asymptotic
minimax theorem

Junichi Hirukawa, Masanobu Taniguchi and Marc Hallin
Nanzan University, Waseda University and Université libre de Bruxelles

The basic results concerning with the asymptotic theory of estimation and testing, Le Cam [2] introduced so-called
locally asymptotically normal (LAN) family of distributions. The convolution theorem for LAN case is obtained
by Héjek [1]. The convolution result was extended by Le Cam [3] to more general situations than that of LAN case.
These results sometimes called the Hajek-Le Cam asymptotic minimax theorem. In this talk we derive the second order
generalization of Héjek’s convolution theorem. Furthermore, as a application of the second order Hdjek’s convolution
theorem, we lead to the second order Hijek-Le Cam asymptotic minimax theorem. It automatically provides the
conditions that the second order asymptotic efficient estimators should satisfy.

First, we define the class of the second order regular estimators, which do not depend on parameter /2 up to O (c;l ),

as follows:

Assumption 1. The class R of statistics S = ¢y (07 — 00), (§T =cr (5 - 07) =5 - h) is called the class of the second

order regular estimators if
R= (S} : L(0r - 0r | Po,1) = Lg, () + O(c77)]
where the distribution functions of Lg, do not depend on the parameter h up to order c}l.

To clarify the concrete structure of the statistic S belonging to the class R of the second order regular estimators,
we introduce the following class of estimators:
The statistics S in the class S has the stochastic expansion

(1) S=[S 1S =aWir @) +c;'Q(Wir (60), War (60) +&r ),

where Q (Wi.7 (6p) . War (60)) = Op,, (1), a; is non random constants and {r = Op, , (c;z).

We set wy := Eg, {Q (W1 (6p), War (6))}. Let the statistics S belong to the some sufficiently large class D of the
estimators and satisfy the condition for the first order AMU.

Now, we can describe the following statment regarding to the class R of the second order regular estimators.

Lemma 1. Under regularity conditions, it holds that

_ K11 .
@ Py (T @er (b - 0r) < x) = 00 - 47! [M @wr + T @) L (- 1)] +o(cr).
Note that the right hand side of (2) does not depend on h. That is, the statistics S also belongs to the class R of the
second order regular estimators in Assumption 1.

In order to clarify the properties of the statistics S belonging to the class R of regular statistics more precisely, we
consider the statistics S in (1) as the following concrete form. If S € D, it is shown

O (wi,wa) := Liwh + Lowiwy + As.
Then, we obtain

w1 = Egy {Q (Wi (60), War (60)} = Ay + A3, k112 = h{4d + T (00) K (6)}, ki1 = 6T (69) A1 + T~ (60) K (6) .
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The condition for the statistics S belongs to the class R of the second order regular estimators is given by 4; =
_ K) K(6o) )
412 (6o) 4r2(6o) "
Now, it is interesting to compare the class of regular statistics R with other classes of statistics.

(and w) = /13 -

We consider the comparison with other cases: (i) the second order unbiasedness and (ii) the second order AMU.
Taniguchi [4] gave different definition of the class of the second order asymptotically unbiased estimators from (i).

Therefore, we also consider the comparison with (iii) the second order unbiasedness in the sense of Taniguchi [4].
K(6o)
412(6)°

belong to the class R of the second order regular estimator and are identical up to order c}l.

The case (i) is corresponding to w; = A; + A3 = 0. Moreover, if we take 43 = —4; = the statistics S also

For the case (ii), if we assume the second order AMU of @}, we obtain w; = A1 + A3 = I'(6p) K% = —%&j)(%)
Moreover, if we take A3 = —A; — 21((2?);(301)(90) = - K(fg);;?g/o (f"), the statistics S also belong to the class R of the second
order regular estimator and are identical up to order c;"

. . . K (6 K(6

The case (iii) corresponds to 1; (= a;T" (6) + axJ (6p) (in Taniguchi [4])) = _6F+2(09)0)’ where w; = A3 — 6F+2?6)70)’

which implies that the statistics S do not belong to the class R of the second order regular estimator. On the other
hand, if we take, A3 = —4;, then w; = 0 and the statistics S are the second order unbiasedness and identical up to order

c;l. Similarly, if we take, 43 = -4, — %@J)w“), then w; = —%@J)w") and the statistics S are the second order
AMU and identical up to order c;"
(i) The condition A; = - Ko implies that
AT (6o)
@' () (il)3 K (6p)
< (t,h :e{ 2 } 1+ itw; — —2—22 U 4 032
Us, (t.h) [ " - T ()

and the estimator S 7 belongs to the class of the second order regular estimators R in Assumption 1 and therefore,
it becomes the second order optimal estimator in the class D.

(ii) Moreover, in the cases (i) the second order unbiasedness, and (ii) the second order AMU, we can choose A3
appropriately so that the estimators S also belongs to the class R of the second order regular estimators. On the
other hand, under (iii) the second order unbiasedness in the sense of Taniguchi [4], we see that the estimators
S'7 do not belong to the class of the second order regular estimators R.
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Kawabata's bimodal circular

distribution: optimal escape direction of
prey animals Ichiro Ken Shimatani
The Institute of Statistical Mathematics

Kawabata et al. 2023
Zelife 3

Muitiple preferred escape trajectories
are explained by a geometric model
incorporating prey’s turn and predator
attack endpoint

o S e i

® Predator
Prey

FRRIECORIXONEOBEANHDLTT
ALEFHLLBERGELMATVES,

When a predator animal is approaching to a prey animal,
to which direction should the prey escape?

If a prey first bends a body, then, dashes, and this
requires a few milliseconds depending on the turning
angle (larger turn needs a longer period, impossible for
very small turn), the prey needs the period of turning and
dashing before entering into the safety zone. The optimal

If a prey first bends a body, then, dashes, and this
requires a few milliseconds depending on the turning
angle (larger turn needs a longer period, impossible for
very small turn), the prey needs the period of turning and
dashing before entering into the safety zone. The optimal
direction depends on initial body directions (and various
biological factor specific to the prey and the predator).

° Mouth

Safety
redator

Prey

When a predator animal is approaching to a prey animal,
to which direction should the prey escape?

Some experimental results showed bimodality.
Objective: Explore biological mechanisms that cause the bimodal
patterns of escape directions using mathematical models.
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“Time difference between prey and predator depending on Example of the time differences for 6 “Time difference between prey and predator depending on m —
escape diretions for specifc intal body dirctions (bet) ) prey’s initial body direction (beta) for 0 escape dirctions for specifc inital body directions (bet) —

50 P 50
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If the prey is assumed to wrongly estimate D, as 30 (the true size of the experiment If the prey’s initial directions are 0

was 18), the optimal escape directions are changed to more horizontal (close to 180). uniformly distributed over 0 — 180, the |*
escape directions show a tri-modal
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pattern. 0
" o If the obscljvcd escape directions contain |
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