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Mixture Transition Distribution Modeling for
Higher-Order Circular Markov Processes
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Abstract

The stationary higher-order Markov process for circular data is considered. We employ
the mixture transition distribution (MTD) model to incorporate higher-order dependency
in the circular time series. The underlying circular transition distribution is based on the
Wehrly and Johnson’s bivariate circular models. The structure of the circular autocorrelation
function is found to be similar to the autocorrelation function of the autoregressive process
on the line. The validity of the model is assessed by applying it to a series of real directional
data.
keywords : circular statistics, Markov process, mixture transition distribution.

1 Introduction

Statistical analysis related to the data taking values on unit vectors is called directional statis-
tics, where the direction is more important than the magnitude. Directional data occurs in
many areas, namely geostatistics, natural sciences, environmental sciences, biology, information
science, genetics, among others. The basic manifold of the high dimensional sphere is the unit
circle which is embedded in the Euclidean space R2, and the statistical methods for the unit
circle are known as circular statistics.

While many data taking values on the unit circle or sphere are characterized with time series
structure, the statistical analysis for circular time series are not fully developed so far. We can
observe many time series data for the circle, such as the wind or wave directions, time records
of a certain event, and animal movement trajectories, which show typical periodic patterns. As
for the correlation coefficient of two consecutive events in circular data, Fisher and Lee (1983)
proposed circular correlation coefficients, and considered basic circular time series models as
linked autoregressive and moving average models, and wrapping process for real valued time
series (Fisher and Lee (1994)). The comprehensive analysis of circular time series modeling can
be found in Breckling (1989).

One of the major approaches for modeling circular time series is to apply the Markov models
for the circular transition densities. Wehrly and Johnson (1980) proposed joint distribution for
the circular random variables. Holzmann et al. (2006) applied it for time series modeling using
Hidden Markov models. Abe et al. (2017) showed the circular autocorrelation structure of the
circular Markov process proposed by Wehrly and Johnson (1980). Some other Markov based
circular time series are considered by Kato (2010) where he considered the Moébius transformation
of the circular random variables to produce the transition densities. His models are extended



by Jones et al. (2015), where they considered the circular joint distributions called ‘circulas‘ for
analyzing correlated structures for circular random variables.

Whilst all these approaches are based on the first order Markov modeling for circular time
series, investigating higher-order Markov models on the circle is primary importance. It is
worthwhile to mention that, as far as the authors knowledge, there exist no approaches for higher-
order circular Markov models in literature. Modeling discrete valued Higher-order Markov chains
are very useful for the analysis of complex temporal relationships. Raftery (1985) considered the
mixture transition distribution (MTD) model. Since then, the MTD model has been developed
and improved in various ways, see for details, Raftery and Tavaré (1994), Le et al. (1996), and
Berchtold et al. (2002).

In this study, we develop the higher-order Markov process on the circle using the transition
density of Wehrly and Johnson (1980)’s model together with the MTD approaches. The auto-
correlation structure of the proposed models are investigated. Since the probabilistic structure
of the proposed models are quite complex and is not included in the class of regular parametric
models, special attentions must be paid for parameter estimation. For this, we proposed the
methods of maximum likelihood estimation, and provide some information criteria for model
selections. Since the MTD model is analogous to the standard autoregressive model in that
the autocorrelations satisfy a system of linear equations similar to the Yule-Walker equations,
the proposed higher-order circular Markov models have similar autocorrelation structures. The
asymptotic properties for the proposed models are considered.
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IFYAE  RWEAICIE, AIC(Akaike, 1073), BIC(Schwarz, 1978) 7 ¥ O RIMES F\L T
B DERITS ODEHEN R 7 T a—F T 5. LA LZED—HT, p, DRILHE L 1251201,
FHIE SN Z B TV ORI T 572, #8472 DiEE1T S OWEECR S, 2D X5
B3 2 — D DFEHER 72 7 7 1 — F 1, Tibshirani (1996) ® LASSO(Least absolute shrinkage
and selection operator) IR E N 2 AN E/R/NDRHEEREZH VDL 2 TH 5. BAEMITIX
y= (Y1, Vo), Xy = (2j0)m % po 750, 1, = (1,...,1), X = (1n Xl) v B E EREK

Lou(B) = lly — XBII* + Al Bllx (1)

ERNCT S B = (Br,., Bp,) O Br #RDIB IV, 7L, (B =0, 18] 55,
OHEERIE LASSO #EE R L FHER, A, — 00 (n — o00) & %o)mo)i@t}m*{% b ¥ CHRLIER
P (Knight and Fu, 2000) 22 Z e 2HI 5N TWS. — T, LASSO #ER % £ 7 LRIRFIE
DBEP S Rz Z21E, WL OhOREND 2. ZAUIMRL — + 3 /n TH 2 WL IERIEH K
DD DIRBEEREZF 21— INRIRXA—R— )\, DF—X—DIRED FTIE, EOEF L%
EAERITWOLANC 1 ISR SRV EPHISNTWS (Zou, 2006, p.1419). ZOMEEZHET 5
=iz, R (1) 1I2B1F 2 EHNER, JEMDFED S DICE X LU T OEKBEREE 2, Zhz i)
T B HEER B ERD B

Pn
La(B) = ly = XBIP + X D 1817, (2)

j=1
72RPL0<y<15% ZOMERZEITV vy IHERZLITEINTWSE. YROZ ML, 7
Uy DHEEIZB W T HHEYIR N, OFERHFPEEICKR S . Wang et al. (2009) T, HEET LD T
T, BT VEFICE L T—HE 2> BIC MofEHEMHEL 5 2 TWwb. Huang et al. (2008) T
¥, A Z 2 IEN S, HEER B SSHREIERNE, WoEA IR R, KB OBIEBICE LT
b —BMEROL I BEHEEZ TS, fIZIEy=1/22 LT, k, = k(EE), p, =logn & B
WS, Ay DA — X —I1ZBT 2 5&0E, A/ (n/ 4 (logn)?/*) = 0o (n — 00), A, = o(n'/?) &
BB, ED XS N, DFEREIX, N\, =3n%E THEWVL, A\, = 10038 TH X W 21Tk %. T
725 Huang et al. (2008) OFERIT A, OFEFUCEHL TIX, —RITEE LRV LIZRS. —J
T, Huang et al. (2008) THZ SN/ HFDOTTIE, 7V v PHERDHHEN R I MRIEENT
W3Zrbbhd Ok, AHETE, Huang et al. (2008) DD T T A, ZERDOH
Wh JBRAIMERN O Y FL ST 4 OEME LTS X Bh, Zhh Wang et al. (2009) O FRHE Y
FRRDIEICI2 2 Z L 2Rs. 728, RO Miyata (2021) O L5,

2 RAa2T7>77FO—F

T, HTED (2) ATHER 2, 7V v VHERZRA A ZOBE» DRI 2 b
2, Fa—=V I RIX—=K— )\, DXL RBOFERGEEIRET 5.
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FTRT A=K — By, ..., By, 1&, LT DR F (exponential-power) 771 EP(0, Ao,n, 02) O
TR AR MNZICHE S £ F % (Box and Tiao, 1973, p.157).

L/~
— 7o Ao 501y
”@W“_ﬂwﬂ%wﬁw{%NM}

Ao BEBTD X0, VTN A X n IKEFELTD XWBIZT 2. 2070, B OHIEHER
B

Pn
)\On )‘O.n
TP =) HW v {-gualal'}-

THEz 603, 7(By) & B WXt 2 FRiHHT, +5 k(‘%"ozﬁ)?ﬁﬁ%ﬂ)t’s“é E ot ]y
579, Y3 2 Hii oM 2Rz d D% (8| \on) = (T(Bjl o) TR ZLT, X
BXUBELERLEDY ®*1¢1ﬁ%ﬁﬁ$2rﬁﬁwci§7£§ﬁﬁ 2 N (XB,0°1,),

p(y|X,B) = W@(p{—%HY—XﬁW}-

WKHES D35, @H, 8 OEREERBII p(y| X, B)7(B| o) WCHBIT 2T 22, 22
T OHEBREERER L X 51— RILL T, B OFEEREERBUI py| X, B) (8] No.) ITHHAIF
2b0D%FZ 5. ZORMEREERBE po(B|X,y) £35. 727120 6, ZIEOEE, H L L
En - o0l Z2RZHADTRINETD. BBe, VP T2LVSZF, BT LE
p(y|X,B) OEHREIHD S L ZEKRLTWS

Z T, B OEKERE H,(8) = —log {p(y| X, B) " m1(B|Aon)} EBL L, TORELIEREE
BIEUE po (B X, y) x p(y| X, B)7(BXo,n) = exp{—H,(B)} 7(Bo) &7 5. L&D, UIFOH
B0 w(8o) Z MR LT exp {—H,(8)} ZHAILT 2 EERHY7Z MAP (maximum a posteriori) #f
R By, EEABL,

Br, = argﬁr;naX{*Hn(ﬁ)}

= argmax {enlogp(y| X, B) +log m1(B|Xo.n)}

—argmm{l\y XA+ A Zlﬁm
j=1
LB, FREL Ay = om/en LBV DFD By, 1&, FECRTIRIE N, Y0 (85 0T
)y SHEERIZFA%R 2 L Hbir s
K, 7V v SHEERICE D BENZEFLVORS RFHIET 2. S :g {1, ., pn}|Br, j # 0}
&, B, = (Brn0sBonts - s Brnpn) CBOTHE R RHEEROFATOREL T 3. |S| 3EE
SBI 3 EEOMEMER TS LT 5.
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X(5) &, A S OFEZTFITHIET 2 HPLKOTH X OEATH T 5. HlZIE, po = 3,
0,

léA:(B)\,OvﬂAAl: B ) Zj—ét
1 z11 221 31 1z oz T11  T31
X = ' : ], X(9) = X, (8) =
1 Tin T2n T3n 1 Tin T3n Tin T3n

BA(S) = (Bro0:Bris Brs)s  B(S) = (Bo, B, Bs)’

5.

3 IEREBIRMNIOCTILES T

ZITE, 7Y v SHEEICK DB ET L OB I REMIT 2 72912, L(Y;, x:(5)'3(S)) =
—log p(Y;|z:(S), B(S)) = (1/2)log(2m02)+{Y;—x:(S)'B(5)}2/(20%) ¥ H %, Yamanishi (1998)
WK DRI NARMIER 2 > 7L ¥ 27 1 (Extended Stochastic Complexity, ESC) %%
25

ESC(S, Aons €n) 1= — — log / exp {—en > LY z<§>ﬁ<S>>} ©(B(S)ho,n)dB(S).  (3)
=1
7272 L w(B(S) | No.n) &, ERTHEERE 7(8|hon) CB 3 B(S) OFEAMREEERL T 5.
ESC % Fiw 2 & =121%, % L(Y;, 2:(S)B(S)) 75, Bl S 2 eRE Y, ¥, ZOFHlME
Yi(S) = x:(5)B(5) @%ﬁ#&%&%&@ﬂﬂ:&ofu\z)ua\%zpmmx, & FIEHBREEF L
EEZTCVBRREDZIOEMERLZENSE. 22T 3) R T 3@RERNZ. HIHAOD
exp {fen S L(Yi,f/,;(ﬁ))} THEH, TNRAKERETHZIEY, TFL S ICED 5R BN
FTHURY(S) T,V 25 FPHMTEZ 2 2R LTV, $4bb, (3) ROMNE, TR
BRI eXp{—en S LY Vi(S ))} B, HEHHO T ORI -725 O L RIRT 5 2 LA
TE3. 22T (3) ST 2 B RE 5 2 7228, BRHER T FIRTE D & O A L7
fiF] (2010) OFHRE 16(p.114) THEZ H X TW5. T550DAD, ESC BHEZFHOMBTE X 5
B LS EIKRT, N4 RIS TE 3.
REB (3) Rig
- g [ I (8).8(5) (B3 Ao, )dB(S) ()

€n

CRTZENTED LD, XIBEIREERINREL-H L EER D2 2 bb0b. ble, =108
E3MES

ESC(S, Aons 1) ::*log/]R‘g‘+lp(y|X( ), B(5))7(B(S)X0.)dB(S), (5)
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Y7570, SICHIET 2 EFADREBLEICHEERD, (-1) 2RLEBDICKD ZE2bH
2%

4 HERBEERMNIDTLFOTAICHT S5 TS5 XA

AEEEBEST 272012, 8, = n 1 XX, 1, = n P X (S0)' X1 (So) £ T 5. F£zpin =
Amin (Zn)s p2n = Mmax(Zn) L, Tin = Anin(B10), Ton = Amax(Z1n) B L. 722U Amin(A)
375 A ORNEEEZRTIEB L L, Auax(A) 13 A OIRKEGHEEZRITLE LTS, 20L&,
UTORMNZRET 5:

n 1 n -
(A1) >0 x5 =0, - Yoiq m?l =1(=1,..,pn)

(A2) ¢ (i =1,2,..) WHOT CR—SHICHD, E(e) =0, Var(e;) = 02, (0 < 02 < 00) £F 5.

n ATL]{:TL
(A3) (a) pin > 0 for all n, (b) Pnt Ankn =0 (n — ).
n

Ak ? Anp2?

(AB) HBERO < by < by < oo BEFELT,
bo < min{|Bo ;| [1 <j < ky} < max{[Bo;||1 <j <k} < b

(A6) X1(So) = (wy,..,w,) £BL. TOLE HBIZEDEHO <1 <7 < co BEEL
T <7Tin <72p <Tpfor V. (b)

n~Y? max wiw; =0, (n— o)
1<i<n
DD LD,
(B1) LIT®Z £ D 1o,
kn logn 1/2
——— =0, and e€,n’* — 00 (n — o0) (6)

€N

&t (A1)—(AG) & Huang et al. (2008) £ £ o7 <AL HDTH 5. &M (A2) I, WEHIFET
NTIIEENRRETH S, F (A3) (2) E p1pn = 0 (n— 00) THZZLEFHFLTVWE I EH
5, ZETIICEWTIE, X, SHBENIGRIE S 2 K0, B 2 WL 2 BRI 2 2 X
SHRIFTFLTVB Z2ic 3. (A3) (b) &, 7V v PHEERBO—FM AR T & 2 ITHBEICHK
5. 5MF (A4) X, 7V v SHEERMA Z M, BRXUEDAERMEZ RSO EICR . 5
(A6)(a) 1F, B, 2%, n ICHLT—RCEEERETHZ 2L 2 HELTWAS. 72 (A5)(b) 133F
Y uoEIFHREICNT 2 7Y v DHEROWHIIERMEZ R BICBREICR 5. &M (Bl) 1%, —(b
JEAX B W THNE RS 2 7= DB 205, EDOETFNMCEIT 2 HHERO k, OHEMN
DA —=REDRDBVSDEEZ L2005 —RINTH 272D, THAEDPRDITVGFREL RS,

NS REZEEBIEY BNET L.
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(N
(N
A

S, FLB R T % 720, BEHEL & h 7B log posterior %

hB(S)) = logp(le(S’Lﬁ(g))e"'ﬂ(ﬁ(g)lko,n)

Y33, 720 B(S) CMT 5 1 XOEEE B(S) = By, (S) TiHiiL7=d D%

O ha(s)

_ 9 ‘
aB(5) B(5)=Bxn (5)
= XSy~ X(5)BE) + Yy,

TEHT 2. 2701, 27 =0 1X(S)X(9), k=19,
e = (0180l smu(Ba), By (B ) EBVE AR S oA
1 das ey, EECNETH I, WERMILT 272012, § = (1,2, ko) & L. EBE 20
X5 R R E LD TICTE 5. %7
0
|B>\n,1|w_2 O
Ul i=q(y—1) 0 (8)

|B)\n,ign |’Y72
L, 20 B(S) 1cBT % 2 XOEEE B(S) = By, (S) THHMiL=bD%

02 .
2hi=——— n(B(S ’
0B(S)oB(S) (B) B(5)=Bx, (3)

£35. ZOrE, UMD D,
FE 1 %M (A1)-(A6), (B1) D FT,

exp {—enESC(g, Ao,ns Gn)} = exp { —,BSC(5, Ao s €n) } {14 0,(1 (9)

BRD 0. 7272 L | M| 14751 M offsIR £ T b0 L U, kit = b,

1/2

exp { ~eaBSC(S, Mo ) } = (2472 [nD2H] ™2 (I X (9). B, () 7(Br, (S)|Xa.n)

9%,
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5 RNAXBERSRAE

INETE, o ZEEHIE LT - CTE D, EBUCT — X BT 21T 5 T2 1213 & 2> D HIETHE
ET BMEND D, T T TlE, Wang et al. (2009) kR LT

1 .
63, = ﬁ||y = X B, el

PHOWTHERZITS. T2 TEA 1 THEOALELE (9) LT, Mtz D, (-2)/6, 20T
e

2ESC(S, Ao s €,) = nlog (63 ) + eigi S 1Banal” + kne: 1 log(ne,) + O, (’;) + 0,(1).
" ges

YD, Aon & oen WL TIEBEARID HBEZBNBD, 22 TE Ao = A(EX), en L 0

(n — 00), |8] = o,(logn) L HE, O, (%) DRV — X —DEEID R ¥, UTFOHo

NA R R G5 S L ATE S

BtIC(S) = nlog(63, ) + kit log(ne,)/en
=nlog(6%) + Cik, log(n), (10)

=72 L

+ (loge,)/logn (11)
€n

L7235, CF &, &fF (A1) (A6) O FCIRZIARA — & — CHINT 30, BB CF = O(n°) (0 <
a, <1/2) 2725, ZHUBILTE, ROTETHENS. @H D BIC THAUL, nlog(&in)—l-l%f{ log(n)
B0 T, R (10) FRR BT o TWVWE 23, Z4UE Wang et al. (2009) TH 2 & 2 7-1ERE
HHEL FILEICR > T 5. Wang et al. (2009) OFERIE, nlog(63 ) + C1S|log(n) DD IEH
BHREZERIVIE-o TBWT, 20 E 7 LERICE L T— 2 Ro X 57 CF 2hh5 2 54404
ZRD=DDTH 22, 50, Huang et al. (2008) TH X SN HOT T, IREHERNa > 7
L¥F 7 4 Ol LT, Wang et al. (2009) OFIREMRELZEHTEZ/HZ 212k D, Wang et al.
(2009) OFFRITH T2 H MO LENZ LR/ WA 5.

1
Cr =

6 Wang et al. (2009) DIERERE L DHEER

TRRTIRERY 3 > 7L & ¥ 7 4 Ol STERERYE (10) 2 EH SN DITTH 2208, BEIE
272556, Wang et al. (2009) OTEHREUE L DHE LD D 5. Wang et al. (2009) TiE, CF 3%
FALA —HZ =X D S EMEREDOA —X—THEMT 2 dDTWVE. EZDRILDTI 2L —
¥ aviRBWVWTIE, CF =log(logp,) BPERAZINTWS. — /5T, WixOEH LIFERICBWTIE,
CiNEDEI BRI =X —THMNT20%2EZTAS.
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RAINC €, = egn™ % LB E, o, DED S5 2FHERD LS. 77201, dlEflHICT 5729,
kn=0(1), p1p, =0(1) T 5. 2Ok E, % (Ad)(a), (b) 1

R VI

nl/Z ’ n,y/QpSlQ—'y)/?
b, Zhib,

Y, 29 1

2+ 5 lognpn<ozn<2

r75%. bLy=1/2BL L,

1 3
-+ - lognpn < ap < (12)

4 4 2
Yizd. ZofiRe (11) RoEr o, s DRED T T, CF BEZHXA —X—THMNTL 2 &
Moo b, ZiUud Wang et al. (2009) TIRES N2 d D XD #HWA — X —THEKICWL 720, E
BRICIEER €0 > 0 2T 2R0ED D 5.
% 7= Wang et al. (2009) IZBWTIX, T 7L OBRAZEIYI R 2172 R WIERE % & 2 T
W3 DIZH LT, Miyata (2021) I2BWTIE, SAEBIIYI A 285, BES N7 D (Thbbit
EfT5]) #EZTW5. ZORICBOWTHHEERYH 5.

BE Xk
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AL 2T LT VAN T AIRB BRI OB NS LB R R 7377

F FJ= (Yin—-Chen Wang)
[E N7 TP K22 - EHFZE AT peacebubu@gmail.com

JTATHIE (Takeshi Emura)
DR KK AT W E 2 #—; takeshiemura@gmail.com

BE: ataFETNETLANT 1 (BEZR) T ML, S8 EHER 023600 5 Bk
EEETIV T THODO—ERET VIETHH. KRElL, aCaT7ETNVETVANLTLET
N EBII RN/ Bl R T T VIREATRE T 222 BET 5. ZOHBDZDH
\Z, JeATHRIFFECdHD Marshall and Olkin(1988)D %48 B M FEHF €T L DOIELZ FiHT 5. 50
WIEIE, FFRRaE 2T D&, Fl A BET VICRESI T, ZHUTHLT, Fix OB
%, H EXKHWSNDa 272855 T, £33k T LOZERET NVHLELET S,
IHEELT, HETVANT AT VIV ERSNDET VIR VAN T -3 a7 | ZE R 1
KI5, Fiz, ZORITET DM % OO FE RRHN G2 D HIEERETH. Eo, AT
R TIEB RSN T o T EHE R T VAN T A RHBOERL, BB E#L, BI O & IE
HOA AL R, AREIXFEZEA LD Wang and Emura(2021)Z a1, oRffiiRIcEE DT
HLOTHD.

F—U—RN: BN, ataT, FGM a2, TLAVT o, (EHEME, AR

1. IZL®HIZ

FEm RO IR R 72 & T, B R DEE O Nk 2T SE L ISR 2 EAGo 5. Bl
HER OB EEZET V700, 28 &AM B33 L7 5 (Duchateau and Janssen 2008;
Balakrishnan and Lai 2009; Crowder 2012; Emura et al. 2019; 7LAT-JERI 2020; 5 2021). =
EaZ LTV ANT 1)1, SEBMERHETT VOMEDTZO O RIHMBNY — /L Thb.

TUANTAET VT, BEOBIERFEICE B A 5 2 2 ARBIN BN 2% 952 & THE
W27 9 5(Vaupel et al. 1979; Aalen 1994; Hougaard 1995). 7L A/VT4ET VI, HE
2 IRBAT DI B IR R O BIRE 2T 7TV 7T 572D O — 7Y — /L LU CTE B K
E| %0 > TE7-(Hougaard 1995; Duchateau et al. 2002; Duchateau and Janssen 2008; Rondeau et
al. 2015; Ha et al. 2017; Ha and Lee 2021). 7L A/LT4ET /L TlE, RBLHIK 05 ik
YRZ DAY — M | ORRERR T LEBIZ, SRR DM TOMBIEEDRIHLER T

a2 70E, A MO SR USRI E L fF DT 58T Va2 525, At 2T
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#H(Nelsen 2006)IXZHDJEAN 3 HEAEGL, FROAAZ LR T HEBOZLEET. a2
BOBIL, TVANT AT VLT, FSMITITEELR. ZOWEIZEY, 24 &
FAF T AL —ALSNIZHERE F 2TV 73 D10 ORI L L 72> TS (Shih 2014;
Prenen et al. 2018; Emura et al. 2019; Campos et al. 2021; Sofeu et al. 2021; kwon et al. 2021;
B 2021). 277 —OFEFRIZE T (Sklar 1959; Nelsen 2006), {17 D %2 Bk /347 1%
a2 S L TEBENDLD, —HONMIITLANT AT NLELTEBRINRWIEAE NG 5.

A aTETINETLANT 4T VT A DS HIZ B 72 Dsee Section 3.3.4 of
Duchateau and Janssen (2008)]. #lz1E, 7L AT A ET IV TERSINTZX O EL N —RE
7 /(e.g. Lo et al. 2017; Schneider al. 2020){%, T’ 27FT L CTEFRSNIZXGHEL NP —F
5 )L ER7A(e.g. Emura and Michimae 2017; Lipowski et al. 2021)72, 2 DDET )L F/2 AR
Wafio.

koL, FHEIRE LR ) 2 DD BARAAHEZ R — T DS BEHER RS
NERESET DI 70D, ZOIORET NVOMIIL, a8 aTLTLANT AR & I
NWTET280, fDTERBHIL TS, Marshall and Olkin(1988)/3a° 277 LA /LT DM % [F]
FHZRFOET VAR E LD, WODWFEITRE e A Bt 27 ataF, 7Lixz-~7
TAVT R 27, FGM abt’ a2l R A4 T, — AR T, ZLAhr&ro~rara
FREDIGH EEEARLDORL, LB FGM at’ 2T S A Y Th, SaRELT, 7L AL
TAET WMCIVERSNDET VIR ZVANT 1A a7 | B EHR-RETDH. £, ZORIZE
T2 % DA DL HE RHIN G- ZDFEERET D, Fiz, AT TIEB I TIR)
STREHEIRT VAN T 43 AMCRHBOERL, Bl EHL, IOV EAIER)OA HMSRT.

AT T OIS TS, 28I THAx NIRRT OET V2525, 3HI~5HITIT,
JLAbraraZ, Jovara7, BLOEEE FCGM at’aZilio TERERERSNIZE
TIVERRIT D, 6HI CTHEmES % OTREE IR 5.

2. BETHET NV

AREITIE, RE)—MEEAHBEE LD 20D B D A FF > 24 SRR 7 /L D FEARK)
VA ERRT D, 2.1 #iTlE, JVANTATET VT ENL R~ OBEERN T 5.
2.2 HiClE, ZVANT A EFT G LIRS EaaTET VERIL, [TV T —at a7
ET NV EVOT A DIRE T DL BSER A €T 2.

2.1 TUANT 45370

DY AT 5B % 52 DARBLZR K a5tk 35T 7L AT 1 | OB & (Vaupel et al. 1979)%
BHELES. HMOREEZEZILE, HOHEMITENLTW—HT, Mo MITEETHA
Y. ZORE—MEET VT TH0IL, VAT B 52D EOMEER I B, k7
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LA VT 4 ERE S (Hougaard 1995; Duchateau and Janssen 2008; Ha et al. 2017). 7L A /L7 (1H
ZE3AYP =FEBDOAr =V TR EL TR, RELRZOMEITS AT —NEEs 72 e D85
WCEBEAT T BND. —J7, INSRZOMEIHERDAY =R (EEEZRE OB ANCBEA T b5,
WEf(2) B ZDORERBEERREEL, NIRRT LS TRESITONDET 5. —fRANIZES
MNBNDZDET AL, Tr~o3Af, MBOER AN, LESM, WD 5540 T %(Whitmore
and Lee 1991; Joe 1993; Hougaard 1995; Duchateau and Janssen 2008; Ha et al. 2017; Piancastelli
et al. 2020). —77, BFERYLRAIEM LT 2 DMERT DO, IROEEEETH.

1. 2XTAEF =3 Hi; Z~Gamma(a, B)

z
z“‘lexp(——), z>0, a>0, >0

f2(2) = 3

1
r(a)p®
2. RPEEMAT; Z~LN(u, 02)

{ (log (2) —w)*
expy——————

fz(2) =

g7 }, z>0, —oo<u<ow, o>0

zo\2m
3. UIMrER S, Z~TN(u, 6%)

V2 (z — p)?
fz(Z)=EeXp{— 557 } z>W, —o<pu<owo, g>0

4. Pro&E A IER /AR (Leone et al. 1961); Z~FN(u, 02)

2 )2
[exp{_(2+u) }+exp{—(z 2 }] z>0, u=0, >0

202 202

fz(2) =

1
oV2n

EFASDET VTR O AR R . WIFHEIZECY™ ™ (Z) = aB, EMN(Z) = exp(u +
0%/2), E™(2) = u+ 2/m)?a, EFN(Z) = (2/m)"?0 x exp{—p?/(20%)} + p{1 — 2®(—p/0)}
&72%. YIWIERL 3 An STV B A IERBIATE, p= 058D ARRETHS. 1E->T, 20250
EFETNABR—ET201L, Betifrer L eBaifVBEAET NVOYE DR THD. JrE I EH
AETU > 30 DA, ERAMEIZIERZETHDLN, UK ERSAEREIELRS. LrL, E
Ko B IRITADEZ LD, TVANT 455 LTZF 2 bR, BIWERL AR LT &A1k
A3 2L DL TEEEN TVD(Cohen 19515 1961; 1991; Leone et al. 1961; Sundberg 1974;
Lodhi, et al. 2021; Zeng and Gui 202DIZH70 0305 F, TLANTAET VOB W TEEA
EEBIN TR, £2450DFF /LE Marshall and Olkin(1988) T & B S TRV, 5
X L RTAZT =030, HE AN, AD I, BROUIW oy maEELT-.

21



2.2 BEEBIVANT 4 2TET )V
AREITTIXZ A BESIERERE(T,, ..., TOICH LTI 7L AN T a2 FF T V| 2R -RETD.
Oakes (198MITHEVY, T RTOBMIERFNI T VAN T AMEZ = zDBA2Z 35T 5. §72
Db, TiOZ = 2T 5L LT LED R/ AFBRERDIDNTERT D

Sry1z(412) = Pr(T; > tj|z) = So;(t)”,

ZZ TS (LB OERTL AR ThHD. TLANTAHENEOREREI THH1D, (LED
z > 0lZX LTSz (4| 2) I EAF B L 705
Marshall and Olkin(1988)IZHEVY, SefffT& A 7R EZ v 27Cy: [0, 11% - [0, 112 AW T

Stytiz(C1s ooy te|2) EPr(Ty > ty, ..., Ty > ti|2) = Co{St,z(t112), ..., Stz (tk]2)} (1)

CEFRTH. I TOIFAE 2TDRFAZTHS. A (D) 1T, EEOa 2T KL T, LA A
1ERH L7 D2 LIZHA ST 5. Marshall and Olkin(1988)1%, KDL —H)72EF L

Co{Styz(t1l21), -, Styz(EiclZic)}

BEEZT. Z2T(2, o ) FE BT VANTAIHTHD. HAIIZO— K72 ET L TIERL,
KOOI EF I TV ANT 4z1==2,=2DHFITERELTEH. M at 2T
Coluy, ..., we) = [Iloyw PHA, EFTAVMITBEDOTLANT4ET MITIFET D (Oakes
1989).

Emura et al.(2017, 201)13Z = z& 77 AX —NOETOHE (xt5E) CHAESNDMHEEL, 2
WILAE 2T ColZH L TET WV (DEEZ, ZhERE 7LV ANT 428 =7 (joint frailty—copula) &
TIVEREA TV D, 5% —d{logSe;(0)}/dtE AT FA L BEIC > TET VI LT05. Fie
Soj(NETAT NG TET V7T 2560 Wu et al.(2020)3 1T Shinohara et al.(2020) T4
ENTND. ZOXHRITAZ—LEINT=T —Z DOFTIZB VT, Z = zOEIIRBIHITHLL
DD, ITAZ—ZBRTHZLIZRY, ZOEEFHET LN HRS. 16T, BROHLOHE
WEIEILZ = 25 T 5-LUTeEE DRI & R — VRN FH BEFR L

2=y f f Sy, 7 (b0 t212) Sz, 17 (b1 ta]2) — 1 = 4 f f Co (v, W)dCo (v, W) — 1

[0,1]x[0,1]

Th.
LU DD, Fx OARFRICEBITD B EZTAZ —{LINToT —Z OfFHT TIER. DFD
Foxld, ZERBITHLHEL, TNEZDOHAMIZBET D87 THRIL
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[e2)

P(Tl > tl' sy Tk > tk) = ST1 Tk(tll vaay tk) = f STl...Tk|Z(tll vy tk|Z)fZ(Z) dz
0

2155, EAORSNOFRMATSAFEEE XD THRELROEREL G5,

EBREBSEETIVANTA-AC2TETN): WADOLERAFEBOBELZERTD.

[o9]

P(Ty>ty, ..., Ty > t,) = Spy (b1, -, B) = f Cof So1(t1)?, ..., Sor(tr)* }fz(2) dz (2)
0

T (O EEMEREROBE LR, Co()IFkEREIT 2T, BIUS;(), je{l, ..., kHT
EEOAFRE#ET 5.

RETDHET VRO, At aFIi>THAONAMHBEEEEZ A 7L AN T OETL
DAt L=k E A9 Z e Tx b, (2)I% Marshall and Olkin(1988)7235- 2 7= T /LD ER Sy
BETHLN, WHIFIEAETLANT 40 AMEat’ 2T DBIUZ DN T ITHm L TR,
Charpentier et al.(2014)i%, ffEat’ 27D F CRQ)EHELUDOEZTEFELT-DS, 7L AR Tlar
270 FGM Blav’ 25728, ffEaE 2T RICESRWELOF 722 2703 FET 5.

RQODTVANT4-aC2TET IUIIRNVGETHY, A RETNEETe. ZOHKRIT
LAVT A=A 2T [IZHEV, ZORIZE T D8 % DFET IV OL ik BN 52 52 L0 kD,
T2 ZI0E, TVANTAWBH o ~5370, ataTBn 7L Aot a7 TikFLET VIR ~—2
VARAET IV ERESRZEIZT 5.

R (2) DFE I EEDIDNEE T DTG EE /LM THHH, Marshall and Olkin(1988)T
IR DA+ Thotz, LU FOFkx Oifim Clx, TORBEOMEDNHOE 525,

2.3 MEBEFNLO—BHIEE
R DBLS D, TV AN T 4—at 2T T L ORQ)ERDINICEZIRZ D

Sty ot oos t) = Hog{Ao1(t1), -, Aor(ti)}- 3)

ZZTAj(t) = —log So; (EIFXRFE N —FBIEK, BI¥tHy 3 RICHIZ @l Tatkam 4 5. U2
BT NVOMEEEIRT 25—, RONIREET VL ZICERMTHD. 72e20E, BRI —
BB TA T VT VERE T D% 6, Aogj(ty) = t)exp (Bx) &L, TITRERTAK
A >0, ERASTAZY > 0, B ExE B WERNEWNGS, A0;(t) = 4t E8<
x0T, RQOWEAEHFTHHIED, HpyPRERDDHETHD. At 27071
ANT 5% EFECED, RQFFAQBMERE CRENIUL, TOET MIEMBTH
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A9, ZOREIZKTL Charpentier et al.(2014)DO 7 AT 7 2R L, R(2)%

(o]

Sty (G ey B) = f exp[—2g{zAo1(t1), ..., ZAok(tr)}]f2(2) dz,
0

ELTHD. T2 Ty = —log(Co)l I A7BA%L (dependence function) EFEIEILD. ZOKAFEIEH
Sl (2ty, .., 2ty) = 280 (ty, ..., ) ZMME T DL, DI BFHATED

Sty (b ey ti) = Ly [€o{A01(t1), .., Agi(ti)}]
= L, [ — log Co{exp (—Ap1(t1)), ..., exp (=Aox (tx))}],

ZZT
1) = [ exp(=29)f; (a1 dz
0

(ITTTAERTHD. FREIRND, ZOFRMFTEITHRSNDbO TR, KB FHR Tk
DI DLBLMTHZR. ZORy OFMAEMEIT, 3Hi~58i CIbIzpE#imL V<.
RETDHET NV (2) DR R THLS. JHDAEFRET

Sry(t) = fowsoj(tj)ZfZ(zm) dz=1L,[—logSo;(t) ], j=1,2.... k (4)

ERDBDT, ZHUTTVANT 4 AT T 5. R@WZFIHALT, R@QERDOICEEHRZD
Sty (b ey ) = CB,W{STl(tl)' e STk(tk)}: ()

T TCoplFat 2T ThD. HILMNTCoy # CoTHY, FE

(o8]

Com(ua, ..., up) = f Colexp { — zLy" (un)},-.., exp { — zLy" (wi)}] f2 (zIm) dz

0

TH%. EANLROIERMEE N E»ND.

() ComlESo;()EIIEAg (NITHKAFLIR.
(i) Co(uyq, ..., ux) = ]'[;-;1 WOBE, Com = Ly Ly (uy) + - + Ly ()] Th5.
i) Co = min(u) DEA, Cop = min(u) Th2.

() fzzlm)Driz = UTR(ETDHLE, Copy = CoTHD.
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PEBEIE, CopkSoj ()R XITET V7 TELIERTT . WHENE, CoyhS k271 A1
TAET IIFETHZ 2R T, HEGE, at=2T08 ERIGELZRA, 7VALT40401%
REUEETHD) ZLZ7m 7. HHEGE) 1F, CophMFRat 2T CollIHaETHILETRT. Copy®
FO BRI L, o aT TV AN T 45 & EBRC 5 2 72 3B~ 5ET Tl 5.

2.4 o F—) VBN FEEEAR SR

SRR (T, .., T) O OMBEDORIEZRTIRIE THL 7 F— VANV AHBEGREEE 2. £
niZiE, ZvANT4-ata7E7 QO FTHE SR T (T, & B, 2Z 82T
Con(1, ..., sy ..oy Uy, DICPHTDIAMARBIREZ ZEANITR . 2T, k=205 8%
AT AU THD. Nelsen(2006)i2E Y, k = 2035 D7 B — VIEAFE BRI

Tg)n = 4ff STlTZ (tll tz)dSTsz (tli tz) —-1= 4_‘]'[0'1]2 Cg_,,(v, W)ng‘n(U, W) - 1, (6)

Tdd. ZZTCopn(v, w0 < v, w S ITERSND ALREAL 2T THD. Co, WRFIEDAL' 2T
(272058, FNEFRL, 19, N RN TERRTED. LLRND, 10, 0T —MKIZITK
DHZENEELL, BIEFE AT TS, Marshall and Olkin(198)IZHEVY, Fex bIRDI Il —ig
YTNAYZDERILT, 1oy OB 5 LT 5:

o R—VIBALFE Btg 2SR DD T VTY R A
AT 1 ZI~fr(zIn) &K,

AT 20 (Uy, U))~Co(v, w) & E K.

ATv7 3 Ty =St (U7); To = S (U ) &<
ATv T 40 AT 1~3 ZREIKL, RE1ED

-1 . .
ton=(5) D sgn{(T{ — T))(r{ — 1))},
n 2 o 1 1 2 2

1<i<j<R

L%Efg_,, ﬁirgnﬂ)xﬁ?ﬁfﬁi“(%é

3. Hv~-ZVAR BTV

LA 27 (Clayton 1978)1%, RO IHZEFREND
Coluy, .., up) = (% + - +ug —k+1)71/8, 6 > 0.

TUARNAANIE 270, ALFERFRAAT I B WD TIRDIASHNLNTWAaE 27 THH (Rivest and
Wells 2001; Rotolo et al. 2013; Emura et al. 2014; Emura and Chen 2016; Moradian et al. 2019;
Kwon et al. 2021; Emura et al. 2020; Emura, Sofeu and Rondeau 2021). #t#HA#9 TAE BRZE
Hi15 (Long et al. 2014; Sun et al. 2020; Huang and Emura 2021; Emura, Lai and Sun 2021; Kim
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et al. 2021; JLAT 2021).

IUARNAR I 2TO T T, 1IBEZTAHEFILOITROLIITS

Sty (o i) = f {501(751)_02 + o+ Soe(te) % —k + 1}_§fz(z) dz.
0
FEREIIE DI T LA T A5 THBICE T2V, Ho~T L AN T AR DEEE T T
fiEF T 5. MBOEH T VAT 15348 DA OFEHIE Wang and Emura(2021)12785.
Z~Gamma(a, B)D F CEKINDT v ~-ILANAET TR E D

-0z -0z _% 1 a-1 Z
STl...Tk(tl' ey tk) = {501(t1) + -+ SOk(tk) —k+ 1} F(Q{)ﬁa Z exp —E dz.
0

IIZTHO>0, a>0, B>0CThHo. Ll RIFFAFEEKEZROINIZEZHREZD

Sty ooy t) = Ho g p{A01(t1), o) Ao (ti)}, (M
ZZT

1 1 a—1
_ —a,6 —ab —g (—logw)
H@)a_‘g(al,...,ak)—J;) (W a1 ﬁ+"'+w Ak ﬁ—k+1) GTdW, aj>0

Tdd. ZORGIBHIET RN, Hy o p()VEBUEFI RS8R S TS, £7 VDX, A
URIVANT AT INDO—fALE R 2N TED, $77bh, 0L 0CIR{EL=FT /L%

k -
Ho'a'ﬁ(al, ey ak) = (1 + ﬂz . 1aj>
j=

£72%. ADOFDAELFBEILST (8) = (1 + Ao ()}, j

=1,...,k, &% Lich3>T

Sty (b vs t) = Co oS, (t1), -+, Spp (B}
LEF, 2T

1 -1/ -1/a _ a-1
Coa(ty, .., W) = f (w790 (w0 gy 13176 Lo lig(g d
0
IEBIHEIEL 72N’ 2T THD.

TREOYS, RRAEFREEIT

Sty1, (1, t2) = Ho o p{A01(t1), Ap2(t2)};

6>0, a>0 >0
TPy, ZZ7T
! -1 (—logw)**
o (@, az) = [ (woes08 4 wes08 — 175 Somr
0

@ w, a.>0, a,>0

Thb. OB, WO R a—Ra2HEHL CHEICEE TX5.
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H=function(w){
(wM(-al*theta*beta)+w”(-a2*theta*beta)-2+1)*(-1/theta)*(-log(w))”*(alpha-1)/gamma(alpha)

}

integrate(H,0,1)Svalue

Ho= AT DRTA 2 ka = 1/n, f=n1> 0888, EEMEE(Z) =1, #Var(Z) = n&eb
ZDEE, TUANT AT ST A Lo TR T B,

B 1ESr, 1, (b1, t2) D5 E#RS 1, (b1, t2) = p, p €{0.1,0.2,..,09}%FKT". 0% 1 75 8 ITHY%
HEE RN EEBLOK AR08 5. £z, nid 0.5 15 1 ITHZDE, KOERERL
fitih - BRI T S EDNDDD. Lo T, a€aTDIRTGRARETVA)VT A3 AT DIST AL N RIS
BEa L C5. 0Ln iz e, SEREMBOSE Efimin {Sr, (t1), Sr,(t2)} = pllURT 528
LR CED. 0Ly 2D e R — VBN AR BB OB N5 (K1) .

6=1.1n=0.5,7 ,=044 6=8.1=05,1,=081

Splty)
Srt)

0z 04 0.6 08

Sr(t:) Sty

e=1.1n=1,1,=052 0=8.n=1,7% ,=0.83

08 08

08

Srt)

04

02

02 04 06 08 02 04 06 0

Srft) Srth)

K 1: 5~ AT T VD ELFEIB D 5% Sk,
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4. Zo)av’aZ

7 XA A 25 (Gumbel 1960)1%, IROIHICTEZESIND
Coluy, ..., uy) = exp[—{(—loguy)?** + - + (—loguy)f+1}/(6+1)], 6 =0.

TSV e 2 T A AR R ENT T2 -l &3 D (Peng et al. 2018; Wang et al. 2020; Kawakami et
al. 2021; Sofeu et al. 2021). 7> ~ULRIat’ 27D FC, #ETHETLOIX

[ee]

Sty ) = [ exp(-240)f,(2) dz
0

Ly, ZZT

1
k 6+1

Z AT ()

j=1

1
k 6+1
Ag =A(ty, ..., ty; 0) = [ Z{—log Soj(tj)}BHI =
=

EROEMNE, ZLDTVANT 4534 OB A THIZHE TN TED, B OFHFEEZLLTO
TVANT 43 AR~ GIEER, Jr0E A IER)OSE Tl 1 5.

4.1 Ho=-T =T )
Z~Gamma(a, B), a >0, f > 0T DL, Ho~-T L ~YLET MIROIINHEATED

[ee]

Sty (s oees ti) = f exp(—zAg)
0

VA

z% lex (—
P\TB

1 )dz = (1+pag) <.
rCa)pe

JEDAEAFBIEIES () = {1+ BAo; (£} “THDD, EATROIIIZEED

0+1 }9+1]1/(9+1))_a.

Srpr (b1 ooy ty) = (1 + [{STl(tl)_l/“ -1} e+ S )TV -1
LIei3o T, ZOETNAOAL 2T TROEINT2D

1 1—a
_ 0+1 _ 0+1)6+1
Coo(Uy, ..., uy) = 1+{(u11/a—1) +-~+(uk1/“—1) }Gﬂl .

ZOAE 2TIIPIRAF LRV, LA 2T X7 AR AT A Cy o (uy, ..., ) = PgalPeqa(ur) +
ot g (W) THY, HRLHE Py o(£) = (£ — 1)1 &FF->(Nelsen 2006).
ZEREROYE, RS

-a

1
Snr(eut) = (1+ B[ AT @) + M) T ) 5 020, @>0, f>0.
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Thh, “EEa27 X
-a

1
C@,O{(uli uZ) =1+ {(u;l/a — 1)9+1 + (uz—l/a _ 1)9+1} 9+1l

Genest and MacKay (1986) DALY, o R— VIELLFE BRI IR DO IICEIE IS

1

¢9a(t) 2
e=1+4 | 22 _gp=1-— "
Foa=iY j dPoa®/dt" ~ " g1 I12)

0
TUANT 43 A% 137 AZITHIRILT, Gamma(a =1, B) = Exp(B)X°Gamma(a =y/2, B =
2) = x2o, bEETED. Ha = 1nkp =D FTHE, “EREIL2T1E

1 -1/
0+1 — 0+1.9+1
+ +(u2n_1)+}9+1]

Con(u, uy) = [1 +{u;" - 1)

Th%. ZDCyylE, BBL " 27(Joe(1997)0 P.150) Téb 2. Nelsen(2006)iF, 2 /3FAX DA 27
DOFILLTEF TODURDOEFEDOH] 4.22 £ 4.26 B M), a°27Ch 130 = 0DEEXIL A ay
a7, o 0DEXT L at’ o lmE T D ninIL AN 2t a b RlEEZ R T 720, H
DR 72I2 A ] Td 5 (Emure, Sofeu, and Rondeau(2021)? Supplementary Material) .

BBl =it’=7)%, Lu & Bhattacharyya(1990)I1Z5-> CH-2 Hi7z 2 BEUA T IVET /LD E
2335, Wang et al. (2020) (X H > ~—7 L~V S iz i B VAT T — A5 AW TN A,

4.2 GIER -7 L~ LT )L
BESREZEIZ, Z~TN(u, 0> )D%ETYH, RRFAEGFREEDI RO INTHIZELZ LD kS

0.2
STl...Tk(tll ey tk) = zexp (7 A% - luA9> CD(_O-AQ) (8)

ZZT, ®IIN(0, VD RFESMEE THS. EHIIfHRE RIS, B AEFBEEE
2

Sr () = 2exp ("7 A3yt — Ao,-(t,-)) (=0 Aoy (1))

L70%. RONIBHIZELZEN KD, ST 23’2780 M — VIR BIREUIIG I ELZ
EDMHPRIRN (TR . BMZRIE DM DET VA (t) = ta B 2508, HNAFEBILS, () =
2exp(0?t? /2 — ut)d(—ot)&72%.

HIKIEQZ) = u+2/mo = 1552, KELSNIZ 1 RTAIDTVANT 4545 % B 2 5.
ZDTVAINT AT DT T T AL A
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—(1- 2
Ly2(s) = f exp(—zs) %\/%exp [_ @] dz
1-\/2/mto

EBE, TOWEBAEL()ET D, ZOEEAL 2 TIIRO IS
2 2 1
Co o2 (uy, Uy) = 2exp [ %{L;%(ul)‘g“ + L3 ()0 10T — (1 — \J2/mo) (L3 (w)) O + L3 (u,) 0+ 0T
1
X dJ[ —o{L 3 (u)?%t + L3 (uy) 010+ |,

20%Sr, 1, (b1, t2) DFEEMSy 1, (b1, t) =p, p €{0.1,0.2,..,09}%FKT". 623 1 75 8 ITH 2
HEERRNEEBLOK R0 08005, £z, 028 0.1 5 1 ITHZDE, ROSEERD
e - BRE 2 DL ENR DD, To T, aBaTDI/RTGRAE LTV ANT 4 3 A D /3T AR )35 0 %
BEaL TD. QLo fiADE, SEREMBOE S min {Sr, (1), Sr,(t2)} = pllUIRT 228
LR TED. QLo DL R —VIBRCFHBIRE DO ES N5 (K 2).

6=1,6=0.1,7, 2=049 8=8,6=0.1,175 ,2=0.89

08

06

Srt)
Sr,(ty)

04

02

L]

02 04 06 08
Sr(t)

0=8,0=1,1 2=0.9

10

0.8

06

S1ty)
Sr(t)

0.4

0.2

00

0.2 04 06 08
Srt) Srt)

& 2. Y ER-2 VT L DT R D S
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4.3 FVBHLIEHR-T L ~NVET IV
SEHITHESREZLI, PV BEHRERDATZ~FN(u, 02)D X7 BHER B E REIE X Th->Th,
[l RFAE A7 B EAS IR D L1 7|§E IZELZENH RS

u o’ 1

Sty (1, t) = exp Ae + g | P (—; - UAQ) + exp 71‘1 —udy | ® (E - O'Ag).

HHOFEIZOWTI, Hﬁ%’%iﬁﬁﬁéhkb o BeTHVEATE (W = 055,
o2

STl...Tk (tll IRED] tk) = Zexp <7 Aé) q)(_O-Ag)

L7y, BablWriEH -7 v~ T VO ALFREICE L2 f). T VOMEEE, TIEIER
7 LT VERIC ISR TS, FEIX Wang and Emura(2021)%2 & fRE7-00.

5. v ~-FGM E£T /v

%75 8 FGM 2t 25 (Kotz et al. 2000)1%, IROIHICEFRSIND

k k
Cg(ul,...,uk)=l_[ui+91_[ui(1—ui), 6e[—11] ©)
i=1 i=1

BN BEEIMEE DD, FOM 28 2713 B - b B THS(Domma and Giordano 2013; Shih
and Emura 2018; 2020; 2021; Mohtashami—Borzadaran et al. 2019; Shih et al. 2019; de Oliveira et
al. 2021; Kawakami et al. 2021; Ota and Kimura 2021; Seliga et al. 2021). #2493 2E 7 /L (2K
DI %:

Sty o t) = fooo[ T Soi (8% + 6 T Soi(8)*{1 — Soi ()%} ]fz(Z) dz.

Marshall and Olkin(1988)iXk = 2/ 2Z~Gamma(a, B)DHA, B NBHICETHEER LT,
LLUFTC, k2 2085 ~D—{tx% 2%, Z~Gamma(a, B)DEE,

a-1 _
Sty (b o0 ti) = f ]_[Sol(tl)zwﬂsm(t) {1 - Soi(t)* } ]Mdz

r'(a)pe
145 {Z Aol-(ti)}
i=1

k

-a k —-a

145 IZ Aoim)} ]
i=1

k -a
1 +ﬁ{ Rty (E) + ) Aoyt ] ]
i=1

+6

-0

—-a

k .
+6 ZH(—DJ

1siy<--<ijsk

k Jj
1+ [)’{ Dot + ) Aoy, (6,) } ]
i=1 m=1
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Thod. T, Hrv-FGM 7L, BTG CIEH BB LB RS, AL
BIEUZS () = {1+ BAoj(¢)) “THDEMG, A 2TIFTRDILHTHD

Copo(ttyy sty )={ 1—{ i(l—u,—'”“ ) } } +9{ 1_{ i(l_ui—l/a ) } }

i=1 i=1

_gi{ um—l/a _i(l_ui—l/a ) }_
+92(—1)/’ > {1—{Z(l—u;"“)+§]:(1—u,.m-”a)H .

I<ij<-<i; <k
ZOAE 2 Z I CHRIZITFEL TQOVRWNWEI THD. a7 nRBITRF LN SICERE T 5.
k =202a = 1/nDYHE, a8 271X

Coy (st )= (", = 1)+ 0w "+, " = 1)
—0( 2w, +u, " =2)"" = 0w+ 2u, =2) "
+0( 2u," +2u, " =3)1.

FFoar’ 2713 Cook and Johnson (1986)2MERL7-HDEFILTHY, Eioat’ 2708 H L
Marshall and Olkin(1988)L[FCC&H5. 8 = 0T/ AR a7 (Z)#EL, n - 0DEX FGM 2t
2R ETH. Z0avaTlx, o —#k{k FGM =it’ =7 (Bairamov and Bayramoglu 2013;
Huang et al. 2013; Domma and Giordano 2013; Hiirlimann 2017; Saminger—Platz et al. 2020)&A]
BRIZ, FGM 2E° 27 OB HBA DI A IRIR 52 LA RS,

k =208, Hr~-FGM A ORI A BEITRD LD THS

St,r,(t1,t2) = Bp(ty, t)™% + 0Bp(ty, t2)™% — 0{BAo1(t1) + B(ty, t2)}7*
—0{BAo2(t2) + Bp(ty, t2)}™% + 0{2Bp(ty, t5) — 137%

::"CBﬁ(tl, tz) = 1 + ﬁ{AOI(tl) + Aoz(tz)}&%b\f: é,zﬁ%gﬁs'rl'rz(tl, tz)@%%%}ici Wang
and Emura(2021)&2 2 IV, E5120 =0, a=1/n, B =nLilL,

Sryr, (b1, ) = [1 4+ 1{Ag1 (1) + Aoz(tz)}]_l/n

LY, ZHUTEE L~ TV AN T AT IR ETS.
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6.5

ARG TR, ZAERYERHTT VOWMEICET 5200 EZRTT VK THDS, ata7E7 /L
ETVANTAET VO EGE BRI, 22T, ataFET VETLANTAET VDM a5
te, SHIZAWSERSIERHET VORTHLISERTVANTA—AC2TET NV | ERRL
7o, ZOHRELIZET VIRIE, Marshall and Olkin(1988)IZ&k-> TIREISNIZL DDOF S IETHS.
AHFZEIE, Marshall and Olkin(1988) 73T 7o R FE /R FE A 7 - JLIRT Db DL 5. 2
BR, At 2ZETLANT A MOMAEDRITIY, Ha RS A e maBE - ILITmIIL,
ZDIIRFH LN RN T FIEEL R L. E6IT, BELICET NVIRIZE T 25004 R
RN G A D FIEBRRELZ. VDT NMRZERmSMT, Ho~-IVANAET N, T
V=TV ET ), BIETER-T VTV, TE B IER-T U SVET L, -
FGM 7 /L& d SIIZb D Th -7z,

AR TRRELIEWVL OO G DET —Z~OYTIIHR, B F CTOMEHIHER
HEROWEIL, SBOBEELFETHS. AFRET —2 2RO 7-OICZno D0 E WA
EVRESNDDS, AAFREH T — 2T HEI0 - G - AV A2 2 LTIV BT — 2 e 552803
NEETEH 5 (Klein and Moeschberger 2003; Dérre and Emura 2019; Dérre 2021; Emura and Ha
2021; Li et al. 2021; Wu et al. 2021). &b, HEEFHYIY (dependent censoring) DFH B &
WEREENREECTHY, a2 T 5B ERHI A D355 (Rivest and Wells 2001; Emura and Chen
2018; Emura and Hsu 2020). IT4EZORERITH Y OFHBIREEDHEE ATREZRE T LD R REN
758 TV 5 (Deresa and Van Keilegom 2020). [EI4£1Z, €& BIWT (dependent truncation) O AH B
EETIT, LI/ T AN w757 (Emura and Konno 2012a,b; Emura and Pan 2020) |2
bIRERLICET A TEDREMED D5,

Eif53

BT AL ARSI, RASKERHITZERT, AFZEEEE TRERTROE T ) 7 LRt BIHERIEERR | LW\ T
ABFFED AR DK BIOFT M~ GROM R L TAN - Z LIS OIVEHP L BT S5, A
Feid, BERFEANE (MOST 107-2118-M-008-003-MY3)2 b B K42 &> TITh iz,
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Lseeslp NT12 2202 S ) 2T,

0 2
:jexp(—zAg )l gexp —M z
" o\rx 20

=J.1\Fexp[ - 12 {207 A,z+(z—p) }dz
wo\rm 20

(u-c’4,) —p |7 1 {z—(u-0’4,)}
) - i
exp{ 207 ;‘:am P 20° -
LD, ZHUTEBE S w = {z — (u — 0%4p)} oA T DL, RODHIEREED
0.2
Sty.1 (1 -0y ti) = 2exp (714% - ,uA9> D(—0lp).

OB LIEH-7 L ~VEF L OEH:
PrOELIERDAGZ~FN(u, 02)D FT, WREHETHILENGHD

oo 1 , B ,

SO ER DA OLE LFROFEZIT, RO EHD

1 (z + pw)? 3 o? U
J—mEXP{—T dz = exp 7149 +[1A9 CD(—;—O'AQ).
pE—pTESRR DL, I~ DOMERNE55. LoT
2 2

o U o u
AP (2T ti) = exp <7A(29 + uA9> d (— o O'Ag) + exp <7A(29 - ,uA9> d (E — O'Ag).

[ exp-240)
0
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