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はじめに 
 

今回の研究集会では、様々な多様体上の統計的推測について各分野で活躍している研究者ら

に最近の研究発表をしていただいた。 

最初に、鶴田靖人先生(長野県立大学)に方向データのためのカーネル密度推定について近年

の研究について報告していただいた。次に、明石郁哉先生(東京大学)に裾の重い時変自己回帰

モデルに対する頑健な推測手法についての紹介をしていただきながら、最新の研究成果について

講演していただいた。塩濱敬之先生(南山大学)にはディスク上の分布の混合分布について講演し

ていただき、その適用例として、画像データへの応用を紹介していただいた。白石博先生(慶應義

塾大学)にはランダムフォレストを用いた時系列分位点回帰について講演していただいた。最後に

蛭川潤一先生(新潟大学)には自己重み付きLAD推定量に関する紹介を含めた講演をしていただ

いた。 

本研究集会でも講演中に活発なディスカッションがされ、発表後も近年の各研究分野での発展

について情報交換ができ、大変有意義な研究集会となった。 
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方向データのためのカーネル密度推定量のバイアス修正
長野県立大学グローバルマネジメント学部助教　鶴田靖人

1 はじめに
方向データは，d 次元球面 Sd := {x ∈ Rd+1 : ||x|| = 1} 上に観測点が位置するデータである．方向
データの例として，次元 d = 2のときは過去の地磁気のデータなどがあり，d ≥ 3のときはテキストデー
タ（の各文書が含む単語総数を 1に基準化したもの）がある．また，d = 1のときは円周上のデータと呼
ばれており，例えば風向などの角度データがある．カーネル密度推定法などのノンパラメトリック密度
推定法は柔軟な推定が可能であるという利点がある．方向データのためのカーネル密度推定量の初期の
研究は，Beran (1979), Hall et al. (1987) や Bai et al. (1989)がある．方向データ X1, . . . , Xn は独立
同一分布 f(x) (x ∈ Sd)に従うとする．f についてのカーネル密度推定量は，

f̂κ(x) :=
1

n

n∑
i=1

Kκ(x
TXi),

ただし，Kκ(x
TXi) : Sd → R は球面上のカーネル関数，κ := κ(n) は limn→∞ κ = ∞ かつ

limn→∞ n−1κd/2 = 0 を満たす平滑化パラメータとする．ここで， η ∈ Sd とおく． カーネル関数
を Kκ(x

Tη) := Cκ(L)
−1L(κ(1 − xTη)) と定義する．ただし，L(r) : [0,∞) → R は微分可能とし，

Cκ(L) :=
∫
Sd L(κ(1 − xTη))wd(x)は基準化定数を表す．よく用いられる誤差基準は，平均積分二乗誤

差 (MISE) MISE[f̂κ(x)] :=
∫
Sd E[(f̂κ(x)− f(x))2]wd(dx)である（ただし，wd は d次元球面上のルベー

グ測度を表す）．f が十分に滑らかであるという仮定の下で，MISEの収束レートは O(n−4/(4+d))であ
ることが知られている (Hall et al. 1987)．つまり，次元 dが増加することでMISEの収束レートは悪化
する（これを次元の呪いという）．
本研究の目的は，次元の呪いの影響を減らすためにカーネル密度推定量 f̂ のバイアスを修正し，MISE

の収束レートを改良することである．そのために，実数空間上のバイアス修正法である Jones and Foster

型修正法 (Jones and Foster 1993)と Terrell and Scott型修正法 (Terrell and Scott 1980)を d ≥ 2次
元の球面上のカーネル密度推定量に適用し，そのバイアスを修正可能なことを示す．本研究の提案手法
は，Tsuruta and Sagae (2017)が円周上 (d = 1)のカーネル密度推定量のために提案したバイアス修正
法を d ≥ 2次元に拡張したものである．

2 提案手法
期待値 E[[f̂κ(x)] は，f をテイラー展開すると κ のべき乗に L のモーメント µl(L) :=∫∞

0
L(r)r(l+d−2)/2dr をかけた項の線形和になる．したがって，次式のように低次のモーメント

が 0になるようなカーネル関数はバイアスを修正する．

µ0(L) ̸= 0, µl(L) = 0, l = 2, 4, 6, . . . , p− 2, µp(L) ̸= 0, (1)
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ただし，p ≥ 2は偶数である．(1)を満たすカーネル関数を p次オーダーカーネルと呼ぶ (Tsuruta and

Sagae 2017)．p次オーダーカーネルは以下のような性質を持つ．

定理 1. 緩やかな仮定の下で，p次オーダーカーネルを採用したカーネル密度推定量のバイアスと分散は
それぞれ，bias[f̂κ(x)] = O(κ−p/2)と Var[f̂κ(x)] = O(n−1κd/2)となる．また，平滑化パラメータとし
て κ∗ = O(n2/(2p+d))を選択するとMISE[f̂κ(x)]の収束レートは O(n−2p/(2p+d))となる．

p次オーダーカーネルの構成法として，以下のような Jones and Foster型修正法を提案する．

定義 1. p次オーダーカーネルの関数 Lを L[p] と表す．このとき，p + 2次オーダーカーネルの関数 L

を次式のように定義する．

L[p+2](r) :=
p+ d

p
L[p](r) +

2

p
rL′

[p](r).

Jones and Foster型修正法は低次のモーメントが 0となるように２つの関数 Lを足し合わせたもので
ある．低次のモーメントが 0となるように２つの異なるカーネル密度推定量をかけ合わせることでもバ
イアスを修正することができる．Terell and Scot型のバイアス修正法を次式のように定義する．

定義 2.

f̃κ(x) =
[
f̂κ(x)

]1/(1−a) [
f̂aκ(x)

]−a/(1−a)

,

ただし， a ∈ (0, 1)とする.

Terell and Scot型のバイアス修正法は以下の性質を持つ．

定理 2. 緩やかな仮定の下で，定義 2 で与えたカーネル密度推定量のバイアスと分散はそれぞれ，
bias[f̃κ(x)] = O(κ−2) と Var[f̃κ(x)] = O(n−1κd/2) となる．また，平滑化パラメータとして κ∗ =

O(n2/(8+d))を選択するとMISE[f̃κ(x)]の収束レートは O(n−8/(8+d))となる．

したがって，Terell and Scot型のバイアス修正法はMISEの収束レートが 4次オーダーカーネルに対
応するカーネル密度推定量であると言える．

参考文献
ZD Bai, C Radhakrishna Rao, and LC Zhao. Kernel estimators of density function of directional

data. Multivariate Statistics and Probability, 27:24–39, 1989.

Rudolf Beran. Exponential models for directional data. The Annals of Statistics, 7(6):1162–1178,

1979.

Peter Hall, GS Watson, and Javier Cabrera. Kernel density estimation with spherical data.

Biometrika, 74(4):751–762, 1987.

MC Jones and PJ Foster. Generalized jackknifing and higher order kernels. Journal of Nonpara-

metric Statistics, 3(1):81–94, 1993.

George R Terrell and David W Scott. On improving convergence rates for nonnegative kernel density

estimators. The Annals of Statistics, 8(5):1160–1163, 1980.

Yasuhito Tsuruta and Masahiko Sagae. Higher order kernel density estimation on the circle. Statis-

tics & Probability Letters, 131:46–50, 2017.
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Abstract

,
.

, . ,
,

.

1

Y1,n, ..., Yn,n , p

Yt,n = β(t/n)⊤Xt−1,n + εt (t = 1, ..., n) (1)

. , β(u) := (β1(u), ..., βp(u))
⊤ [0, 1]

, Xt−1,n := (Yt−1,n, ..., Yt−p,n)
⊤ , {εt : t ∈ Z} ,

. , εt
, . , (1)

.

2

, Dahlhaus and Rao (2006)
. , Ling (2005)

. , u0 ∈ (0, 1)
β(u0) ,

n∑
t=p+1

wt−1,nK

(
t− nu0

nh

)
|Yt,n − b⊤Xt−1,n| (2)

b . K
, h h → 0 (n → ∞) , wt−1,n Xt−1,n

, (self-weight, Ling (2005)) . wt−1,n

, Xt−1,n ,
. ,

|Yt,n − b⊤Xt−1| , (1)
, .
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3

, β(u0)
. ,
, ,

, . ,

. , Owen (1988)
. , F θ ( ,

) θ0 , EF (m(Z, θ0)) = 0
. , Z F , EF F , m : Z ×Θ → R

, Z F , Θ . F
Z1, ..., Zn , F

Ln(F ) :=
n∏

i=1

{
F (Zi)− F−(Zi)

} (
F−(z) := lim

u↑z
F (u)

)

. EF (m(Z, θ)) = 0 ,

Rn(θ) :=
sup {Ln(F ) : F ∈ Fn(θ)}

Ln(F̂n)
(3)

. F̂n Z1, ..., Zn , Fn(θ)

Fn(θ) :=

{
n∑

i=1

viI(Zt ≤ x) : vi ∈ [0, 1] (∀i ∈ {1, ..., n}),
n∑

i=1

vim(Zt, θ) = 0,
n∑

i=1

vi = 1

}

. Lagrange , −2 logRn(θ)

−2 logRn(θ) = 2 sup
λ∈Λ̂EL

n (θ)

n∑
i=1

log(1− λm(Zi, θ))

. Λ̂EL
n (θ) = {λ : λ ∈ R, λm(Zi, θ) < 1 (∀i ∈ {1, ..., n})} .

Smith (1997) , (GEL) .
GEL , ,

. ,

mt,n(b) =
1

h1/2
K

(
t− nu0

nh

)
wt−1,nsign(Yt,n − b⊤Xt−1,n) (b ∈ Rp)

, GEL

r∗n(b) := 2 sup
λ∈Λ̂ρ

n(b)

n∑
t=p+1

ρ(λmt,n(b))

. ρ , ρ(0) = 0, ρ′(0) = ρ′′(0) = −1
, Vρ . Λ̂ρ

n(b) = {λ : λ ∈ R, λmt,n(b) ∈ Vρ (∀t ∈
{p + 1, ..., n})} . mt,n(b) (2)

4

4



, GEL . ,

β(u0) r∗n(β(u0))
d−→ χ2

p (n → ∞) . , Rp β(u0)
(1− δ)

Ĉn := {b : b ∈ R, r∗n(b) ≤ χ2
1−δ} (4)

. χ2
α 2 α .

, , Ĉn

.
,

. , .
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Estimating Finite Mixtures of Disc Distribution
and Its Applications to Image Recognition

Takayuki Shiohama
Department of Data Science, Faculty of Science and engineering

Nanan University

Abstract

Analyzing data on HSV color space can provide useful information for image segmentation and
classification. These data take values on a special manifold such that the pairs of the hue and saturation
variables are located on the unit disc, and the trivariate variables including the value have data on the
inside of the cylinder. Implementing these special geometric manifolds into statistical data analysis
needs special attention. In this study, we consider the mixtures of the disc distribution and provide
some methodologies for estimating model parameters. These estimation techniques are applied for image
recognitions using cifer10 datasets.

1 Introduction

Several machine learning techniques on image processing have widely evolved in the last two decades. Var-
ious algorithms are applied to image recognition, including object recognition and face recognition, image
search, and image manipulation. The most successful algorithm is deep learning or the Convolutional Neu-
ral Networks (CNNs) as it provides a method that can extract image features and applies these features on
automated unsupervised classification. AlexNet (Krizhevsky et al., 2012) and ResNet (He et al., 2016) are
some of the popular CNNs, that have improved performances of image recognition by increasing network
depths.

In general, image processing is mainly investigated on the RGB color space which represents images as a
three-dimensional Cartesian coordinate system. Each of the pixels has value on the three-dimensional cube.
It is often reported that the disadvantages of the RGB color space are the redundancy in color representation.
Some approaches on reducing redundancy in color image date are found in, for example, Bhurchandi et al.
(2000) and Marguier (2010). In this study, we investigate image classification based on HSV color space
instead of using RGB color space. Data on HSV color space are consists of special manifolds known as a
cylinder or a disc. Statistical analysis on these manifolds needs to pay special attention. Applications on
the image segmentation based on the HSV color space can be found in Cantrell et al. (2010), Ganesan et al.
(2014), and the references therein.

There are few distributions defined on the unit disc and its extension for higher-dimensional space. The
first distribution on the unit disc is proposed byJones (2004) and its extension is investigated by Wang and
Shimizu (2012). On the other hand, the copula type distribution proposed by Wehrly and Johnson (1980) can
be applied for fitting data on the unit disc. Applying these existing distributions for fitting HSV color data
in image processing does not provide satisfactory fitting performance, since these distributions do not have
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peaks on the origin. It is often the case that the image data contains white pixels located at the origin of the
unit dice. To overcome this shortcoming, we consider practical distribution and its mixtures for analyzing
image data on HSV color space.

The rest of this paper is organized as follows. Section 2 introduces the distributions on the unit disc. In
Section 3, we introduce a finite mixture of disc distributions and discuss the parameter estimation procedures
for it. Section 4 illustrates the image data analysis using Cifer10 datasets. Finally, in Section 5, we conclude
the paper with discussions and further research topics.

References
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space considering physiological limitations of human vision and its application for color image analysis.
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Citeseer.
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Time Series Quantile Regressions by using Random Forest

( )

Ryotaro Shibuki∗ , Tomoshige Nakamura† , Hiroshi Shiraishi‡

In this paper, we discuss an estimation procedure of conditional quantile by using random forests in time

series setting. Our study is an extension of the quantile random forest (QRF) by Meinshausen (2006), the

generarized random forest (GRF) by Athey et. al (2019) and random forest in time series setting by Davis and

Nielsen (2020).

Model Let (εt)t≥1be a sequence of i.i.d. random variables with E[εt] = 0 and E[ε4t ] < ∞, and fix an integer

p ≥ 1. Given a measurable function g : Rp → R, define the process (Yt)t≥1 recursively by

Yt = g(Xt) + εt, Xt = (Yt−1, . . . , Yt−p). (1)

In addition to the initial data η = (Y0, Y−1, · · · , Y1−p), suppose that we have T observations Y1, . . . , YT from

the model (1) available and that we group them in input-output pairs, DT = {(X1, Y1), . . . , (XT , YT )}. For

each fixed value τ ∈ (0, 1), we seek forest-based (function) estimator of qτ∗ : Rp → R defined by a solution of

local estimating equation of the form

Ψτ (qτ∗ ,x) := E[ψτ
qτ∗
(Yt)|Xt = x] = 0, for all x ∈ Rp

t (2)

where ψτ
q (y) = τ − 1{y≤q}. Let qτ∗ ≡ (qτ∗ (x))x∈Rp be the solution of (2) under the model (1). We assume that

there exists qτ∗ (x) for all x ∈ Rp and τ ∈ (0, 1).

Double sample We next define our random forests following Athey et. al (2019). Our random forests consists

of the double sample trees, which are regression trees based on two subsamples Is and Js from sample DT .

Definition 1. (Double Sample) Suppose that sample DT is available and the sub-sample size s = s(T ) with

s ≤ T is provided. Let

As :=

{
A = {AI , AJ }, AI , AJ ⊂ {1, 2, . . . , T}

∣∣∣∣AI ∩AJ = ∅,
∣∣AI∣∣ =

⌊s
2

⌋
,
∣∣AJ ∣∣ =

⌈s
2

⌉}

For any A = {AI , AJ } ∈ As, we define two sub-samples Is and Js by Is = DAI ,Js = DAJ where Dθ· =

{(Xt, Yt)}t∈A· .

Splitting rule We next define splitting rule in order to construct the double-sample regression trees following

Wager and Athey (2018).

Definition 2. (Splitting rule) Given subsample Js in Definition 1, we define a sequence of partitions P0,P1, . . .

by starting form P0 = {Rp} and then, for each ℓ ≥ 1, construct Pℓ from Pℓ−1 by replacing one set (parent node)

P ∈ Pℓ−1 by (child node) C1 := {x = (x1, . . . , xp) ∈ P ⊂ Rp : xξ ≤ ζ} and C2 := {x = (x1, . . . , xp) ∈ P ⊂ Rp :

xξ > ζ}, where the split direction ξ ∈ {1, . . . , p} is randomly chosen (i.e., random split) .
∗Graduate School of Science and Technology, Keio University
†Faculty of Science and Technology, Keio University
‡Faculty of Science and Technology, Keio University
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Double-sample regression trees A given partition Λ of Rp is called “recursive” if Λ = Pℓ for some ℓ ≥ 0,

where P0, . . . ,Pℓ are obtained as above. Note that the splitting rules determining how to choose node, direction

and position of a split may depend on the data DT , the double sampling procedure A ∈ As and the sequence

of independent random splittings ξ = {ξi}i=1,...,ℓ with ξi
i.i.d.∼ Ξ. By using the recursive partition Λ, we define

our double-sample regression trees.

Definition 3. Given a recursive partition Λ(A, ξ,DT ) = {L1, . . . , L|Λ|} and a fixed x ∈ Rd, q ∈ R, τ ∈ (0, 1),

our double-sample regression tree T (q,x;A, ξ,DT ) is defined by

T (q,x;A, ξ,DT ) =
∑
t∈AI

1{Xt∈LA(x)}

|LA(x)|
ψτ
q (Yt)

where LA(x) = {Xt : Xt ∈ L̃(x)} ∩ IX
s , IX

s = {Xt}t∈Is
and L̃(x) ∈ Λ(A, ξ,DT ) is a leaf containing x (i.e.,

x ∈ L̃A(x)).

Random Forests According to Wager and Athey (2018), the predictor T defined by Definition 3 is called

“k- PNN predictor” if the assumption (A-3) is satisfied. Then, we define our random forests following Athey

et. al (2019).

Definition 4. For a fixed x ∈ Rd, q ∈ R, τ ∈ (0, 1), our forest score is defined by

Ψτ
T (q,x) :=

1

|As|
∑

A∈As

T (q,x;A, ξ,DT ) =:

T∑
t=1

αt(x)ψ
τ
q (Yt)

where αt(x) =
1

|As|
∑

A∈As
αA,t(x) and αA,t(x) =

1{Xt∈LA(x)}
|LA(x)| .

Quantile estimator By using the above random forest, we can define an estimator of the conditional quantile

as follows.

Definition 5. For each τ ∈ (0, 1) and given Xt = x, we define an estimator of qτ∗ (x) by

q̂τT (x) ∈ argmin
q∈R

{∥∥∥∥∥
T∑

t=1

αt(x)ψ
τ
q (Yt)

∥∥∥∥∥
2

}
.

Theorem 1. Under some regularity conditions and subsample size s(T ) satisfies s(T )/T → 0 and s(T ) → ∞
as T → ∞. For each τ ∈ (0, 1) and x ∈ Rp, any sequence of estimators q̂τT (x) converges in probability to qτ∗ (x),

that is,

q̂τT (x)
p→ qτ∗ (x) as T → ∞.
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Wager, S. and Athey, P. (2018). Estimation and inference of heterogeneous treatment effects using random

forests. Journal of the American Statistical Association, 113(523), 1228-1242.
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(∞)

10
10



α

rt = rt−1 + εt, r0 = 0,

{εt}
{εt}

Var (εt) = σ2 < ∞ aT =
√
T {εt} α

D (α) 0 < α < 2 E (εt) = 0 1 < α < 2

εt α = 1 aT

DT (s) :=
1

aT

[sT ]∑

t=1

εt.

DT (s) ⇒ D (s) = σW1 (s)

DT (s) ⇒ D (s) = Sα (s)

α 0 < α < 2 ⇒
D (0, 1) J1 W1 (·) Sα (·)

α

yt,T

yt,T = β0yt−1,T + ut,T , β0 = 1, t = 1, 2, . . . ,

y0,T := y0 ≡ 0 {ut,T}
∞

β̂SWLAD := argmin
β∈R

{LT (β)}
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LT (β) :=
1

aT
√
T

T∑

t=1

wt−1,T |yt,T − βyt−1,T | ,

wt−1,T yt−1,T

T → ∞

aT
√
T
(
β̂SWLAD − 1

)
⇒ A

2B
.

α
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